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1.- Singularity of symmetric Banach lattice inclusions

Def: Let E and F Banach spaces, T : E — F strictly singular if T is not invertible on
any oo-dim. (closed) subspace E; of E

ifc>0,, c|lx|<|ITx||, x€EjCE = dimE; < oo
K .compactop. K C S closed operator ideal

Ex: every T : P — £9 | p # q strictly singular

T : E — F is strictly singular < for every Ey C E there exists E; C Eq s.t. T“;2
compact

- spectral properties of strictly singular op. like compact op.
- Fredholm perturbation: R Fredholm, T strictly singular = R+ T Fredholm

Bad behavior: no stable by duality, no interpolation in general ( yes for Lp-spaces)
K(LP)=S(LP) <= p=2

* if p-finite, Lo (u) < LP(u) is strictly singular 1 <p < oo  ( Grothendieck 1962)

clixlleee < ixlle x € By = dimEy < M(c)
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LP(u) < L'(u) no strictly singular 1 < p < oo
Khintchine Inequalty:

1 oo : 00
(/0 1S anmlP di) P~ (3 |anf?)/2
n=1 n=1

Rademacher rn(t) = sign(sin(2"xt)) 1< p< oo

Rad(LP) = [(fn)]ip = 2 = Rad(L9) ,1<qg,p<oo

* E(p) = L'(u) strictly singular <= LgXsz (v) Z E(p)
(H., Novikov and Semenov 2003)
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Def.: Let E a Banach lattice , T : E — F disjointly strictly singular (DSS) if there is
no disjoint sequence (fn) s.t. Tjir,) isanisomorphism

strict singularity = DSS
( #) LP(p)— L), , 1<g<p<occ DSS

stable closed class by addition and right composition, (no by left composition)
* for every symmetric E(u) (# L1), pfinite, E(u) — L'(u) DSS

Kadec-Pelcynski sets Ap(e)

& E(p) — F(p) strictly singular <= DSS + Rad(E) # Rad(F)
(Astashkin, H., Semenov 2008 )

Ex:if0<g<p<ooandp>2 (L¥*)— (L&X%) strictly singular
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T:LP—LP

strictly singular < {p-singular + ¢p-singular ( < DSS + {»-singular)
(L. Weis 1978)

extensions to Banach lattices:

e regular T: E— F, E g-concave, F order continuous

strictly singular <= DSS + {o-singular

(Flores, H., Kalton, Tradacete 2.009)

No true for arbitrary operators in general.
( Yes, if F has 2-lower estimation )

E g-concave , F order continuous ,
0< T:E— F {r-singular = AM-compact

(T:E— F AM-compact if image of order intervals are relatively compact )

E g-concave 0<T:E— FDSS + AM-compact = strictly singular
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exponent p(-): measurable f. (Q, 1) — [1,00)
modular

moy ()= | OO ()
LPL)(Q) Variable Lebesgue (or Nakano) space : measurable f. s.t. My (f/r) < oo for
somer >0
Luxemburg norm Ifllpy = inf{r > 0:mpy(f/r) <1}

1< p~ =essinf{p(t): t € Q} < pT =esssup{p(t) : t € Q} < o0
1<ply <plz <oo
LP()(Q) non-symmetric, no translation invariant spaces

1 1
ﬁ+p,—(1)—1a.e.

dual of LPO)(Q) s LP ()(u) when p* < oo, 3

LPO)(Q) reflexive <=1 < p~ < pT < oo
Nakano sequence spaces ¢p,

- Essential range set
Ro(y :={q € 1,00): wP'(q—e,q+€) >0, forall e> 0}

Ry(.) is closed (compact if p < co)
Ry is a lattice-isomorphic invariant
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x4 (1)

(%) = (——F .
1(Ax) PO

)

q € Ry(.) <= {q is lattice-embedding into LP() (1)

Sif p+ =00 LPO(p) 2 leo

,if pt < oo.

S LPO(p) 2l <> g€ Ry U2} |, (if p~>2)

- LPO(u) R bg <= g€ RyyU [p7,2]., (it 1<p~ <2)

LPL) (1) 2 £q-complemented sublattice for every g € Ry
there exists orthogonal projection T, bounded for "suitable” (Ax)

TA(fxt):Z(/A e du(S)) W;,

k=1 \"2% (AP o) 1(Ak) P

If, T:LPO)(Q)— LPO(Q), with p < oo

strictly singular <= £g-singular for q € R,y U {2}
( extension of Weis's result )
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d
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variable Lebesgue space inclusions LP()(Q) — LI0)(Q)
LPO)(Q) — LION(Q) <= (*) q(-) < p(-) p-a.e. and for some \ > 1
_ pg

(*%) /Q A~ pal )du < o0, Qg :={teQ:q(t) <p(t)}

d

(t) = pg qéé)) % = —) + ﬁ so By Holder norm inequality.

f N < 210l .
Ifxallgy < 21l ”p()HXQ”%(.)

if  finite  LPO) () — LI0) (1) <= condition (*)

L2°(u) = LPO(p) — L' ()

Questions: Find suitable criteria on the exponents for these inclusions be DSS or be

strictly singular ???
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Theorem (H, Ruiz, Sanchiz 2.021)

Letq(-) < p(-) < pt < oo . finite, LPO) (1) € LIC) (1) weakly compact <~

lim  sup l/ (1) 9D dp =0
A=0f <1 A Janey

lim sup / f(t)|du =0,
HA)=0 £l oy <1/ ANQy 1)1

for Q1 = q="({1}).

Ando type criterion. ( Dunford-Pettis Thm for L")

-Def: T : E — F, is L-weakly compact if T(Bg) is equi-integrable in F for Bg the
unit ball of E i.e.for every measurable (An) s.t. x4, — 0 p-a.e.

lim su T(f =0
i, sup (170 )

(De la Vallée-Poussin type)

finite 1, g(-) < p(*) < p < oo.

LPO) () « L9O) () L-weakly compact <= there exists Orlicz f. ¢ with
iMoo 22 = 0o s.t. for &(t, x) = (p(x))90

LPOY () — L® () — LI (u)
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Theorem (Edmunds,Gogathisvili, Nekvinda 2023)

bounded open Q C R q(-) < p(-) < pt < co. LPO(Q) — LIO)(Q) L-weakly

1)
compact < for every a > 1 fo‘m a(P*q) ) gy < 00.

compactness of Sobolev embeddings W'-P() — [4(.)

w.p() N rac.)

N\
1p(.)

Def: T : E — F is M-weakly compact whenever limp— o ||T(fn)||r =0 for
bounded disjoint sequence (fy) of E.

M-weakly compact = DSS
(#)



Inclusion L°°(p) < LPO)() , finite .
when is strictly singular ? ( obvious if pt < o0)
how quickly p(.) can tend to co preserving strict singularity ?



Inclusion L°°(p) < LPO)() , finite .
when is strictly singular ? ( obvious if pt < o0)
how quickly p(.) can tend to co preserving strict singularity ?

Theorem

finite i, and i : L™ (u) < LPO) () TFAE:

@ |/ is L-weakly compact.
@ i is M-weakly compact.
© i is strictly singular
Q iis DSS.

Q i ap Mdx < 0o foreverya> 1.

(6) <= p()e LTP%w)



Inclusion L°°(p) < LPO)() , finite .
when is strictly singular ? ( obvious if pt < o0)
how quickly p(.) can tend to co preserving strict singularity ?

Theorem

finite i, and i : L™ (u) < LPO) () TFAE:
@ |/ is L-weakly compact.

@ i is M-weakly compact.

© i is strictly singular

Q iis DSS.

Q i ap Mdx < 0o foreverya> 1.

(6) <= p()e LTP%w)

Ex:
-Pa(t) ==, a>0(0,1) L[> = LP=() no strictly singular

- palt) :=1In*(1) ,(0,1) L — LP=() strictly singular <= 0 < a <1



1) =12
disjoint normalized (f) in L , so p(supp(fa)) — O, hence
Jim(lfallpy < lim S 17k Xsupp(i) o) < M(Li‘;n_)oslép lIfexallp.) = O-
it is M-weakly compact so weakly compact.
(2) = (3) Dunford-Pettis property of L>°.

(3)= (4) it is obvious
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Assume there exists ,a > 1 st. [ aP"®ax = o



4)=(5)
Assume there exists ,a > 1 st. [ aP"®ax = o
o There exists § > 0 and disjoint (En)s2, st |Ixg,llp) > B>0

take 0 < B <1 st 1/8>a Lett;\,0 st fr;".m aP" ™) dx > 1.
Take Fn C Q with p(Fp) =ty s. t.

tn th .
@0 au(t) = [(@)y o= [ # Wax.
0

Fn 0

The sets (Fn) s.t. Fpp1 C Fn since t,11 < tn Define disjoint En := Fn\Fpi1.

[ L0 dut) > [ (axe)?Odutt) = [ (axrPOdut) =~ [ (@xr,., ) Odu(t)

n Fn Fn+1

tn P thi1 * th o
:/ a”(’()dxf/+ a® Mgy = P M ax > 1
0 0 tnt1
e (xE,)n is equivalentin L> and in LP(") to the basis of c.

k k k
1 C
a = ax |a < - a N < = a
13- anxeylloe = max lanl < BH}@) mxEallo() < 5Hn§:1: mxEnloo

n=1



6) = (1)
e Every xg, — O p-a.e. verifies ||xg,llpc) — 0

Assume no, there exists (Ep) with xg, — 0 p-a.e. (thus u(Ep) - 0)and 0<d <1
st [Ixg,llp() = 6, For 0 <8<,

1< /(@)P(Od#
o B
() .
/(Xﬁ)p(t)d# :/ (l)P ) dx < oo.
o B 0 B
so ,by Lebesgue dom.th., [, (*52)Pdp — 0

Now ,

lim  sup ||f 5 < lim =0
H(EM =0 2By I7xelloc) < u(En)%O‘IXE"”p()



Inclusions i: LPO)(p) — LIO)(u) , finite p



Inclusions i: LPO)(p) — LIO)(u) , finite p

never i is strictly singular (1< g~ <p~ <)



Inclusions i: LPO)(p) — LIO)(u) , finite p

never i is strictly singular (1< g~ <p~ <)

TFAE:

@ |/ is L-weakly compact.

Q iis DSS.

© The restriction of i to [ XB’% 1 (disjoint By ) is not isomorphism.
w(Bn) P

Q lim,_, - (1(Q) —x) 7 M) —o.

Q 1@ a7 Wax < oo foreverya> 1.




Inclusions i: LPO)(p) — LIO)(u) , finite p

never i is strictly singular (1< g~ <p~ <)

TFAE:

@ |/ is L-weakly compact.

Q iis DSS.

© The restriction of i to [ XB’% 1 (disjoint By ) is not isomorphism.
w(Bn) P

Q lim,_, - (1(Q) —x) 7 M) —o.

Q 1@ a7 Wax < oo foreverya> 1.

-If essinf(p—g)(-) >0 and pt < oo = LP() — () DSS
(£=)

(1)<=>(2) fails for Orlicz space inclusions

-extends L-weak compactness criteria of [E-G-N]



By Holder norm inequality.

f 3 < 2
I xallgy < 21l ”p()HXAH%(.)

Hence

lim sup || 5y <2 lim pg =0
H(An) =0 feB () ) Ixar ot 14(An) =0 HXA””ﬁ(‘)



By Holder norm inequality.

|| XA”q() S ” ”p( ) HXAH%(.)
Hence

lim sup || 5y <2 lim pg =0
H(An) =0 feB () ) Ixar ot 14(An) =0 HXA””ﬁ(‘)

(1) = (2) (similar before showing that i is M-weakly compact



(3) = (4) ( sketch) Assume there exists (xn) & () s.t. (%)*(xn) — 0 with

(@) — %) 74 > 5 0
wiog D <,y (BG) (2t 5 (B2)*(x,, )



() = (4) ( sketch) Assume there exists  (xn) * () s.t. (%)*(Xn) s 0 with

P—q

() — xn) (78D > p 5

wiog MR <y (BG)r(Artp®)) 5 (BG)r(y, )

pq
(PTG P—q.. Xn+u(), pP—q..
An = (( pq)) ([( pq)( > ), ( o )(Xn)])
_ P = gy Xn+ p(R) p—q p—q.,
Br:={teQ : ( G Y(—— )< T () < ( oa ) (xn) }-
#(Bn) = |An| .
Sn(t) _ XBn1
w(Bn) PO



(3) = (4) ( sketch) Assume there exists  (xn) & u(2) s.t. (%)*(xn) — 0 with

(1) — xa){ 770 > r > 0

wiog D <,y (BG) (2t 5 (B2)*(x,, )

paq
A= (B0 (1B ")*(X””(Q)),(p q")*(xm)
Bri=(rea s () (L) < Bodi < (2 dy () )
(Br) = Al
sn(t) 1= —XBn _
(Br) 0

(sn) and (isp) are equivalent basic sequences.

XBn XBp
O msn) =3 [ nP® FEeson =37 [ il Tyl X

q
|An| P [ Ag |~ PO

' q(t)
) _XB
SZ BnM,anq( o [ ol o a(t):| du

) )
| An| PO |An|) P(OG®
< pa()(Q_ Aynsn)
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inclusions i: L[PO)(u) < L'(u) , p-finite

Corollary

finite p , exponent p(-) TFAE;
@ |/ is weakly compact.
Q iis DSS.

p—1yx
Q lim,_, @) (@) —x)"7 M =0

Q 1) Wy < oo foreverya> 1

L) = LPO(u) 8§ = lim  (u(Q) - x) ¥ = o
X—=p(Q)~
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)(Q) for infinite measures

(2, ) infinite m.,
LPO(Q) = LIO(Q) <= q() < p(-) p-a.e. and for some X > 1

/)\ Za0gy < oo, Qge={teQ:q(t) <p(t)}
Qg

Any inclusion LPC)(Q) — L9C)(Q) for u infinite, is not DSS.

(No true for Orlicz spaces)

1.the case of bounded exponents g+ < p' < co.

(*) forevery e >0, D.:={te Qq:p(t) <q(t)+¢c}. hasinfinite measure
if no , forevery A > 1,

A PL(t)du>/ A0 g > A Qg \ D.) = oo

Qq Qg \De



o there exists disjoint (An) with u(Ap) =1 s.t. pc\ -q, < 1n
Now ’ ’

L — )=l L — R
i Deanlor) = 657 ot Deanlac) = &gp, )
(by Nakano sequence criteria) ¢ — =0+ ={ = =20 . SO
A la 94 a
n n n n
Xanlp) =2 [xanla()



o there exists disjoint (An) with u(Ap) =1 s.t. pc\ -q, < 1n
Now ’ ’

L _ < )=l L _ < )=l .
i Dxanloc) A Dxanlac) P,

(by Nakano sequence criteria) £ - = £,y =L . =L SO
|An lAn q\A,, lAn
Xanlp) =2 [xanla()
2,. unbounded exponents (g* < pt = )
Reduce to jiq(.)(n) = oo for every n.

there exist (ng), and disjoint (Ax)x with p(Ax) =1 s.t.
M<qp <P, and gl <P < N

Dxadot) A = loo = lney) = Ixadp) = Co-
Similarly  [xa,lqc) = €0



o there exists disjoint (An) with u(Ap) =1 s.t. pl+

= 1
-q- <1
An qlA,, n

Now
L _ < =L L _ < =L .
i Deanlor) = 657 ot Deanlac) = &gp, )
(by Nakano sequence criteria) £ - = £,y =L . =L SO
|An lAn q\A,, lAn
Xanlp) =2 [xanla()
2,. unbounded exponents (g* < pt = )
Reduce to jiq(.)(n) = oo for every n.

there exist (ng), and disjoint (Ax)x with p(Ax) =1 s.t.
M<qp <P, and gl <P < N

Dxadot) A = loo = lney) = Ixadp) = Co-
Slmllarly [XAk]q(») =~ Cp

* Any inclusion L% () < LP()(1) , p-infinite, is no strictly singular.
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