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Map of order structures

Categories ALGEBRA
LOGIC Posets Monoids ANALYSIS
T —complete Lattices Ordered
posets / \ groups
Posets with a Complete Lattice Ordered
complementation lattices groups vector spaces
Frames / Boolean Vector / Ordered
locales algebras lattices Banach spaces
Quantum logic Measure Banach Jordan
9 algebras lattices algebras
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Plan of the mini-course

@ Basic definitions; continuity, closeness, density, completeness.
@ Galois connections and polarities: properties and examples.
@ Hull operators and hull structures: properties and examples.

@ Distributivity; Boolean algebras; ordered vector spaces.

Not covered: Zorn’s lemma; vector lattices; combinatorial order theory.
Disclaimer: the author is not an expert! Feedback is welcome!
Some general references:

@ T.S. Blyth, Lattices and Ordered Algebraic Structures, 2005.

@ B.A. Davey & H.A. Priestley, Introduction to Lattices and Order,
2002.

@ P.T. Johnstone, Stone spaces, 1982.
@ G. Birkhoff, Lattice theory, 1948 & 1967.
@ S. Vickers, Topology via logic, 1989.
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Relations

If X is a set, then P (X) denotes the collection of all subsets of X.
A relation from X into a set Y is a subset of X x Y. Notations:
e: X—=Y; xpyfor(x,y) € ¢. Every map is a relation.

Ify: Y — Z, define oy : X — Z by xpyz if xpy and yiz, for some
y € Y. Also, ¢ o ¢ := 1) agrees with composition of maps. The
composition is associative.

The converse o* : Y — X of ¢ is defined by yo*x if xpy. Then,
™ = pand (p¥)" =P p*.

We say that ¢ is strongerthan ) if o C . Define the negation
=X x Y\p of p. Conversion commutes with negation.

The domainof pis {x € X, dy € Y : xpy}, the image is dom(y*).
The domain of ¢ is X iff ldy C pp*.

w* C Idx iff ¢ is injective, i.e. if xpy and zpy = x = z.
pisamap iff ldxy C pp* and p*¢ C Idy.
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A relation on X is a relation from X into X. May be viewed as a
directed graph on X.

Idx, the identity map on X, is also the “diagonal” relation on X. It is
neutral with respect to the composition. A restriction of pto Y C X is
eNYxY. pis:

o reflexive if lIdy C ; o tfotalif p U p* = X x X

@ symmetric if p* = ¢; e anti-symmetric if ¢ N ¢* C Idx;

@ transitive if p? C o;

@ equivalence relation if it is reflexive, symmetric and transitive.

It is often convenient to view a reflexive symmetric relation as a
measure of “closeness”, i.e refer to xpy as “y is ¢-close to x”.

Equivalence relations correspond to partitions of X, i.e. collections

{Xi}ic, of disjoint sets with X = |J X;. Equivalence > classes of
icl
equivalence; partition — x ~ y if they are in the same component.

~ is stronger than ~ if every ~-class is contained in a ~-class.
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Pre-orders

A relation < on P is a pre-order if it is reflexive and transitive.

A pre-ordered set s a pair (P, <).

Define >:=<*, and let —P := (P, >). Clearly, — (—P) = P.

Any equivalence relation is a pre-order. The set inclusion is a pre-order
on P (X). Divisibility is a pre-order on Z.

p € Pis an upper bound of Q C Pif Q < p. Q' is the set of all upper
bounds of Q. If Q" # @, Q is bounded from above. If R C Q, then

R" ©> Q'. Same for Q*. Qis order boundedif Q" # @ # Q'.

P is directed (or directed upward) if any {p, g} is bounded from above,

for p, g € P, and co-directed (or directed downward or filtered) if any
{p, q} is bounded from below, for p, q € P.

If p,q € P, then the order interval [p,qp :={re P, p<r<gq}(itis
nonempty iff p < g). We will also denote [p), := {r € P, p < r} and
same for (p]p. If Q C P denote [p), :=[p) N Q, etc (evenif p ¢ Q).
Also, [Q) = [q), etc.

Q

ge
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Q C P a lower setif (Q] C Q; (same for upper sets). Upper sets are

complements of lower sets.

Qis fullif [Q, Q] C Q, i.e. if whenever q,r € Qand g < p < r, then

p € Q. Lower and upper sets are full.

Any intersection of upper / lower / full sets and any union of upper /

lower sets is a set of the same type.

The sets Q" = () [g) and [Q) are upper, while Q* and (Q] are lower.
geq

Q C P majorates R C P if R C (Q]; the dual notion is refinement or

minorization. These two relations are transitive.

¢ : P — Ris isotone (or order preserving) if p < g = ¢ (p) < ¢ (q)

(equivalently, if pre-images of [principal] lower / upper sets are lower /

upper), and antitone (or order reversing) if p < g = ¢ (pP) > ¢ (Qq).

The composition of two isotone or antitone maps is isotone, the

composition of an isotone and antitone maps (in any order) is antitone.

An isotone (antitone) bijection whose inverse is also isotone (antitone)

is called an (anti-)isomorphism.

Call ¢ : P — P expansive if ¢ (p) > p, for p € P and contractive dually.
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Partially ordered sets, a.k.a. posets

An orderis an antisymmetric pre-order. A set with a specified order is
called a poset. If < is an order, define the strict order by <:=<\Ildp.

Any pre-order < can be factorized by < N > to get an order.

If g € Q C Pis an upper bound for Q, call it the maximum or the
greatest element of Q (is unique, if it exists). Same for minimum or the
smallest element; we denote them by max Q and min Q.

The exact upper bound or supremum \/ Q of Q is min Q. The exact
lower bound (infimum) is defined similarly and is denoted by A Q.

g =\ Qiff Q" = {g}" = [q), and the same for A\ and lower bounds.
IfRC Q,then\VR<\/ Qand A R> A Q  if exist). \/ @ = min P and
\ @ = max P (if exist).

Lemma 1

Let | be an index set, and let {Q;, i € I} C P(P) and{q;, i€ l} C P
be such that g = \/ Qy, foreveryi € I. Then, \/ | Qi =V q; (with

i€l iel
existence of one implying existence of another).
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If max Q exists, then \/ Q = max Q; otherwise \/ Q ¢ Q. Same for A
and min.

We will say that p € P is maximal if p < q implies p = q, i.e. [p) = {p}.
Minimal elements are defined similarly.

A set can have more than one (or none) maximal / minimal elements.
Maximal / minimal elements are mutually incomparable. The greatest /
least element of a set is maximal / minimal, but the converse is false.

If p,g € Pdenote pAqg:= A{p,q}and pVv qg:=\/ {p,q} (if exist). The
partial operations Vv and A are commutative and associative, since e.g.

(pvaq)Vvr=\{p,q,r} =pVv(qVr),ifeither LHS or RHS exist.

Theorem 1 (Szpilrajn)
Any order is the intersection of total orders. J

We say that ¢ : P — R reflects orderif p < g < ¢ (p) > ¢ (Q).
Order reflecting maps are injective.

An order reflecting isotone map is called order embedding. The two
classes are closed under composition.
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Continuity and regularity

If o: P— Qisisotone and R C P is such that \/ R and \/ ¢ (R) exist,
then \/ ¢ (R) < ¢ (V/ R).

Say that ¢ is \2/—isotone ifp=qVvr=¢(p)=v(q)Ve(r). Such maps
are isotone, since p< g = g=pV g=¢(pP) < ¢ (p) V¢ (q) = ¢(q).

Call ¢ Vv-isotone, if r =\/ R = ¢ (r) = \/ ¢ (R), for every nonempty
finite R C P, and \/-isotone, if the same is true for any R # @.

EXAMPLE: Let P = {a,b,c,1,2,3,x} ordered by a, b < 3, %,
a,c<2,xandb,c<1,x Let Q={0,1} and let » map x into 1, and
everything else into 0. Such ¢ is \2/ but not g—isotone.

The notions of Q A-and A-isotone maps are defined similarly.

Additional variations are \/-isotone maps (sequences), and \/-isotone
N

>0
maps (all sets, including @). Every isomorphism is \/- and A - isotone.
>0 >0

All these classes are closed under composition.
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If R C Q C P, the supremums of R within Q and within P will be
denoted \/p R and \/ 4 R (and same for infimums).
@ If \/oRand\/p Rexist, then \/ o R >\/p R.
@ If \/5 R exists and is an element of Q, then \/o R =\/p A (in
particular, it exists).
@ IfP=1/Iy, Q=cpand R = {en},cn, Vp A exists, but R is not
bounded from above in Q.
0 IfP=R, Q=Qand R=Qn|[0,7], \Vp R exists, R is bounded
from above in Q, but \/ 5 R does not exist.
e If P=F[0,1], @ =C]0,1], and R = {\/i} _then Vg Rand
ne
\/ p R exist but are not equal.
e IfP=[-1,00U(0,1], Q=[-1,00U{1},and R =[0,1), then
Vg R exists, but \/, R does not.
Call Q c P\/-regularifr =\/ogR=r=\/pR,forevery o # R C Q.
Equivalently, the inclusion map ldg p : Q — P is \/-isotone.
If Q C Pis \/-regular, then for g € Pand @ # R C Q we have
q=\VqR& g=\VpR&qgec Q. Every upper set is \/-regular.

Eugene Bilokopytov (University of Alberta) Introduction to order theory May, 2024 11/44



Closure

Say that Q C Pis \/-closedif o # RC Qand r=\/p Rimpliesr € Q
(andsor =\/qA).

Upper sets and sets Q" are \/-closed. In particular, \/ @Q* = A Q (if
exists).

IfP=C[-1,1],then Q={fe P, f(t)=f(0), -1 <t<O0}is
\/-closed, but not \/-regular. R={f e P, f(—1) =1f(1)}is \/-regular,
but not \/-closed.

QM={peP, 35 #RcQ: p= \R}={p=A\lP)g: Plo# 2}
Qis N\-closed iff @ = QA\. Clearly, Q c QN\,and Q c R = QN c R\
Proposition 1

@ The operator Q — QN is idempotent, i.e. QNN = QA vQ c P.
@ QN is the smallest )\ -closed set, which contains Q.
@ ¢ : P — Ris\/-isotone iff it is isotone and such that

0 (QV) c v (Q)Y, forevery @ + Q C P.
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Density
We say that Q ¢ Pis \/-denseif P = QV,i.e. Q refines P and
p =\ (p]q, for every p € P.

For example, Q is \/-dense in R, singletons are \/-dense in P (X), ¢y is
\/-dense in /., and and the collection of affine functions on [0, 1] is
\/-dense in the set of convex lower semi-continuous functions on [0, 1].

Along with \/-regularity, closedness and density, we can define A\-, A-
etc regularity, closedness and density.

Proposition 2
@ A\-density implies \/-regularity, and \/-density implies )\ -regularity.

@ IfQ C Pis \-dense and \-regular, and R C Q is \-dense in Q,
then R is \-dense in P.

@ Being simultaneously \/-dense and \-dense is a transitive
relation.

v
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Completeness

Similarly to regularity, closedness and density, we can talk about
completeness.

A Vv-semilattice is a poset in which every pair of elements has a
supremum, hence these are g-complete posets.

A \2/—isotone map between Vv-semilattices is called a v-homomorphism.
A sub-semilattice of a V-semi-lattice is a \2/-closed subset.

Any V-semilattice is directed. Any upper set is a VV-semilattice. An
ideal is a directed lower set. Any ideal is a subsemilattice.

@ V-semilattice is V-complete. V-homomorphism is V-isotone.

@ A maximal element of a VV-semilattice is its greatest element.

@ If Pis v-semilattice, then every full set is A-regular.

@ Any injective V-homomorphism between V-semilattices is an order
embedding (the converse is false, affine functions in C [0, 1]).

@ Q C Pis a sub-semilattice iff it is \V-closed iff it is V-regular and a
V-semilattice in the induced order.
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A A-semilattice and A-homomorphism is defined similarly.

A poset which is simultaneously a V- and A-semilattice is called a
lattice. A lattice homomorphism is a V- and A-isotone map.

A sublattice of a lattice is a V- and A-closed set. Any intersection of
ideals / filters (=co-ideals) / sub-(semi)lattices is a set of the same type.
The set of all infinite subsets of Z is a v-semilattice, but not
A-semilattice; C' (—1, 1) is neither.

Any totally ordered set is a lattice. If P is a lattice, denote its smallest
and largest elements by 0p and 1p (when they exist).

Proposition 3

A poset is \/ -complete iff it is )\ -complete iff it is \/-complete and has
>0 >0
the least element and iff it is )\-complete and has the greatest element.

We will call such posets complete lattices. Among examples of
complete lattices are [0, 1], P (X), NU {co}, NU {0} with divisibility.
In a \/-complete poset a \/-closed lower set is a principal lower set of
the form (p].
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Bounded completeness

Let us relax completeness a bit. The bare minimum necessary
condition for a set to have a supremum is that it is bounded from
above. The following property is called bounded completeness.

Proposition 4 (TFAE:)

@ Every nonempty subset of P which is bounded from above has
supremum;

@ Every nonempty subset of P which is bounded from below has
infimum;

@ For every nonempty Q,R C P such that Q < R, there isp € P
such that Q < p < R.

A discrete order on at least two elements is a boundedly complete
non-lattice; Q is a lattice which is not boundedly complete; Z, N, R, ¢y,
{p, L, are boundedly complete lattices.

If P is boundedly complete, “add” 1p and / or 0p (whatever is missing).
The result is a complete lattice.
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Proposition 5

P is boundedly complete directed and co-directed iff it is a lattice such
that the order intervals in P are complete lattices.

Proposition 6

@ In a boundedly complete poset every \/-closed set is \/-regular
and boundedly complete.

@ IfQ C P is\/-regular, and either\/-complete in the induced order,
or boundedly complete and majorizing, then it is \/-closed.

If (X, 7) is a topological space, 7 is a complete lattice, which is [ J- and
N-closed in P (X), but not necessarily ()-regular.

The collection of all convex sets in R” is ()-closed in P (R"), but not
U-closed.

If Pis a poset, then the collection P| (P) of all lower subsets of P
forms a complete lattice, which is | J- and ()-closed in P (P). P embeds
into P, (P) as a | J-dense subset by p — (p].
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Galois connections

The pair (>, <) is a Galois connection from Pto Qif p» < q < p < q“.
In other words, the epigraph of > is the converse to the hypograph of «.
Then, < is the left adjoint of >, and > is the right adjoint of <.

Note that P and Q are not in entirely symmetric roles in this
construction. (>, <) is a Galois connection from P to Q iff («,>) is a
Galois connection from —Q to —P.

The pair of mutually inverse order isomorphisms forms a Galois
connection.

If (>, <) and (>, <) are Galois connections from P to Q and from Q to
R, then (>, <<) is a Galois connection from P to R.
Some references:
@ M. Erné, J. Koslowski, A. Melton, G. Strecker, A primer on Galois
connections, 1993.

@ M. Erné, Adjunctions and Galois connections: origins, history and
development, 2004.
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Proposition 7
For>: P — Qand<: Q— P TFAE:
@ (»,<) is a Galois connection;
@ < andr are isotone, >« is expansive, and <> is contractive;

@ < andr are isotone, and there are a \/-dense P’ C P, and
N\-dense Q' C Q such that v<|p, is expansive, and <| o is
contractive.

Proposition 8
@ a>p<g=<gandr<p> =1, and hence < and <> are idempotent.
@ QY= P* is majorizing and \-closed and P> = Q% is refining and
\/-closed, and the restrictions of > and < are mutually inverse.
@ Forp,r € Pwe have p” < r” iff o< < r"*@ and iffp < r*<.

e p"=min{ge Q, p<q'} andq® = max{p € P, p” < q}. Hence,
the adjoints are unique.
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Proposition 9
Foramapr: P — Q the following is true:

@ > has a left adjoint iff it is isotone and preserves principal lower
sets under the pre-image.
@ If> has a left adjoint, then it is \/ -isotone. The converse holds if P
>0
is a complete lattice.

We call maps with left / right adjoint residuated/ residual.
If P= Q= [0, 1] residuated = \/-isotone maps are increasing,
>0
continuous from the left (equivalently, lower semi-continuous), which fix
0,1.
Residual = /\ -isotone maps are increasing, continuous from the right
>0
(equivalently, upper semi-continuous), which fix 0, 1.

The places where the > “stalls” correspond to the places where «
“lumps”, and vice versa.
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If o : X — Y is arelation, define op : P (X) — P(Y) and
pe:P(Y)=>P(X)by pp(A)={yeY, 3xcA: xpy}and

pp(B)={xeX:yeY, xpy = yecB}=X\pp(Y\B)
={xeX: x py,WyeY\Bl ={xeX: yeY, op({x}) C B},
forAc Xand BcC Y.

If ¢ is a map, then pp (A) = ¢ (A) and pp (B) = ¢~ (B), for for A C X
and BcCY.

Note that ¢ — pp and ¢ —p © preserves / reverses compositions.
If © : is a pre-order, pp (A) = [A), and pp (A) = {x, [x) C A}.
Proposition 10

The collection of all relations from X to Y (ordered by inclusion) is
isomorphic to the collection of all residuated maps from P (X) into

P (Y). The isomorphism is implemented by ¢ — pp and

>— {(x,y) € X x Y, y € {x}"}. Compositions of relations correspond
to compositions of Galois connections.

v
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Polarities

We will call (>, <) a (co)polarity between P and Q if it is a Galois
connection from P to —Q (from —P to Q).

That is, (>, <) a polarity if for p € Pand g € Pwe have g < p” <
p < g7, equivalently both > and « are antitone, and both >< and <> are
expansive. In these configurations P and Q are in symmetric roles.

A composition of a Galois connection and a polarity is a polarity. In
particular, this works for self-anti-isomorphisms.
Corollary 1

If X and Y are sets, then the general form of a polarity from P (X) to
P(Y)isA— A, and B+ B, where | : X — Y is a relation, and for
ACX,BC YwehaveAt={yeY,VxeA: xLy}and

B, ={xeX,VyeB: xLy} (we will call such sets polars of ).

e For an order < on P the polars are A< = AT and A< = A

e If P is a poset with the smallest element 0p, define disjointness | on
Pby plqif pAq=0p. The polars are disjoint complements.
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e For the usual orthogonality in a vector space with an inner product
we have that AL = A, is the orthogonal complement of A C E.
More generally, if E and F are vector spaces in duality, define eLf if
(e,f) =0, where e € E and f € F. In this case, A and B, are the
annihilators of Ac Eand B C F.

e If G is a semigroup that acts on a set X, define the stability /
invariance relation L : G— X by glxifgx =x. ForAcC G, A, is the
stabilizer of A, and is a sub-semi-group of G. For F C G, F* is the
collection of common fixed points of F.

e let P:=F(E,[—o0,+¢]) and Q := F (E*,[—00,+0]), where E is a
locally convex space. Define the Legendre transform by

(e =\ ((e".e) ~ f(e)) and g (e)= \/ ((e".e)—g(e)).
ecE e*cE*
=1V (e—f(e),andg*= \/ (e*—g(e*)),ifwevieweasa
ecE e*cE*
function on E*, hence f~ and g are both convex.
(>, <) is a copolarity since both f* < g and f > g are equivalent to

e*.e) —f(e)<g(e),forallec Eand e* ¢ E* (i.e. {-,x) < f® g).
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Hulls

Let P be a poset. Fixamap A: P — P.

Call A a pre-hullif it is isotone and expansive. We then call p € P
hulled if p = p*. Let P, be the collection of all A-hulled elements of P.
Proposition 11

@ If A is apre-hull on P, then P, is \ -closed (in particular, if P has
>0
the greatest element 1p, then1p € P,).

@ The correspondence A— P, is antitone from the collection of all
pre-hulls on P into P (P).

A hullis an idempotent pre-hull. In this case p is hulled iff it is in the
image P* of A; hence, P, = P~. P is always majorating.

Idp is a hull on P. If there is 1p, then p— 1p is a hull on P.
For P = R the upper integer part p — [p] is a hull.
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A (pre-)hull operator on a set X is a (pre-)hull on P (X).

The adherence / closure with respect to any convergence structure on
X is a pre-hull / hull operator.

Order adherence on a poset, sequential weak adherence on a Banach
space are examples of non-idempotent pre-hull operators.

If P is a pre-ordered set Q — (Q] is a hull operator on P.
Q — QV and other similar closures are hull operators on P.
Some references:

@ M. Erné, Closure, 2009.
@ |. Singer, Abstract Convex Analysis, 1997.

@ M.L.J. van de Vel, Theory of Convex Structures, 1993.

o A. Cséaszar, Generalized open sets, 1997 [a parallel development,
in which an attempt was made to work with hulled sets as with
closed sets and get some results of topological nature, see also
forward citations].
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Hulls vs Galois connections vs polarities
Corollary 2

If (>, <) is a polarity between P and Q, then >< and <> are hulls on P
and Q, respectively.

Every 1 : X — Y generates hulls on both P (X) and P (Y): A— AL,
for AC X, and B+ B, for BC Y. The hulled elements are polars.
elet X, Ybesets,let ZC Y,andlet F C F(X,Y). Consider the
relation L : F — X defined by fLx if f(x) € Z.

e Let X be a locally convex space, Y = C and F = X*. If Z = {0}, we
get the annihilators as polars, hence closed linear span as hull.

If Z =D, we get the standard polarity from the locally convex theory,
hence closed absolute convex hulls as hulls.

o If Y =R, F is the collection of affine or convex functions and

Z = (—o0, 0], we get closed convex hulls as hulls.

elLet X =C". Take Y = C and F = polynomials, or Y =R and F =

pluri-sub-harmonic functions to get some hulls from Complex Analysis.
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e let X =C", Y =C, F = polynomials, and Z = {0}. Then, the hull
operator on X corresponds to the Zariski topology.

e If X —spectrum of a Banach algebra A, F = A, and Z = {0}, the hull
operator on X corresponds to the hull-kernel topology.

Other polarities:

o If E is a vector lattice, then the disjointness | generates a hull
operator A — AL,

e If Pis a poset, then Q — Q™ is a hull operator. The hulled sets are
of the form Q*. Call them cuts, and denote the collection of all cuts by
Py (P).

Proposition 12

Let A and v be respectively a hull and a kernel on P. Then, (A, V) is a
Galois connection from PV to P%. In particular, A V and v A are
idempotent, and A,V are isomorphisms between P~V to PV4.

Examples: regularly closed / open sets and normally lower / upper
semi-continuous functions. Latter appear in order completion of C (X).
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Proposition 13
A map A: P — P is a hull iff (A, ldps p) is a Galois connection.

Corollary 3

Any hull is \/-isotone. The image of a hull is majorating, \-regular and
/\-closed.
If A isahullon P, andr =\/p R, for some R C P*, thenr® =\/p. R.

Let P be a complete lattice. For R C P let p“7 := A [p)g-

Proposition 14
AR is a hull, PAr = RN\ is a complete lattice. If Q C R, then Ag>AR. J

Examples: If P =P (R"), R — closed convex sets, or just closed
half-spaces, then Ag is the closed convex hull.

F — vector lattice, P = P (F), R = (prime) ideals, then Ag (A) = I (A).
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Proposition 15

R —nApg and A— P, is a polarity between P (P) and the collection of
all pre-hulls on P. We have P, = RN\ and a p,=A", for sufficiently
large ordinal n.

Let X be a topological space and P = F (X, [—o0, +o¢]). If R is the set
of continuous functions, then we get upper semi-continuous hull.

Assume that X is locally convex and f — f* and f — f< is the Legendre
transform. Then, >« is a kernel (i.e. a hull on —P). Also, b< = Vg,
where R is the collection of all convex (or affine) upper
semi-continuous functions.

A hull structure on X is a ()-closed subset of P (X).

Topologically closed, solid, convex sets, ideals of rings, lattices and
vector lattices, sublattices, subgroups, lower subsets in a poset, ......

Kuratowski: A hull operator is a closure with respect to some topology
iff it is U-isotone. However, such hulls are almost never | J-isotone.

Eugene Bilokopytov (University of Alberta) May, 2024 29/44



Algebraic hull operators

A hull operator on X is called algebraic if A> = |J{B*, B C A—finite},
for every A C X. Moreover, we will call it n-algebraic, for n € N, if
A = |J  {xy,..,xp}", forevery AcC X.

X{,...,Xn€EA
Caratheodory: convex sets on R” form a n + 1-algebraic hull structure.

Solid sets, ideals of rings and vector lattices form 1-algebraic hull
structures.

Full sets on a poset form a 2-algebraic hull structure.
Closed convex sets is neither a topological nor algebraic hull structure.
(Algebraic / topological) hull structures form a hull structure on P (X).

If Qis a hull structure on X, then Q* := {AC X, B%, Bc A—finite} is
the algebraic hull of Q.

Let A and A be hull operatorson X and Y. Then, ¢ : X — Y'is
continuous if pre-images of A-hulled sets are A-hulled. Equivalently,
@ (A%) C o (A)*, for everyA C X.
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Examples from vector lattice theory: A linear map between
Archimedean VLUs is disjointness-preserving iff it is solid-continuous. A
homomorphism is order continuous iff it is band-continuous.

PROJECT: A homomorphism of VLs induce homomorphisms between
the lattices of all ideals (forward and backward). Same for order
continuous homomorphisms and bands. What information can be
recovered? What information about VL is contained in its ideal lattice?

Proposition 16
Let P, be the set of all A-hulled sets. TFAE:
@ The hull is algebraic;
@ IfAC X is such that B® C A, for every finite B C A, then A € P,;

@ P, ist-closed, i.e. if (Aj);c; C Pa is increasing, then | J A € Py,
iel
@ A is T-isotone, i.e. For every increasing net (A;);.; C P (X) we

have (U A,-) = JAP.

iel iel
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1-algebraic hull structures
1-algebraic hull operators = algebraic & topological hull operators.

In the proposition we can also replace “1” with “(J”, and “finite” with "1”.
No analogue for 2-algebraic hulls (convex sets).

If <is a pre-order on X, then upper sets in (X, <) form a topology 7<
with the property that any intersection of open sets is open. This
property is called Alexandrov discreteness. Isotone maps =
continuous.

Conversely, given a hull operator A on X define x <, y if x € {y}*.
This is a pre-order. Continuous maps are isotone.

Then, <;_=<, and each A-hulled set is 7<,-closed. Thus, A—<, is
the right adjoint to <— 7<. In fact, 7<, is the 1-algebraic hull of A.

1-algebraic hull operators = closures in Alexandrov-discrete topologies
= lower set hulls with respect to pre-orders on X.

If A, A are (1-) algebraic hull operators on X, Y. Then, ¢ : X — Y'is
continuous iff p(A%) C p(A)4, for any finite (singleton) A C X.
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MacNeille completion

The collection P (P) of all lower sets on a poset P is a complete
lattice, such that p — (p] is a an embedding whose image R is
\/-dense. Then, R\ = P, (P) — the collection of all cuts on P, i.e. sets
of the form Q.
@ Ris A-densein Py (P).
@ P (P)is a complete lattice which verifies the universal property
for isotone maps and order embeddings from P into complete
lattices, BUT in a non-unique way.

@ Nevertheless, even this weak universal property for order
embeddings determines P, (P) up to an isomorphism.
@ Even though the embedding of P into Py (P) is \/-isotone,
>0

Py (P) does NOT verify the universal property for \/-isotone
>0
maps from P into complete lattices.

The collection of all \/-closed lower subsets of P verifies the universal
property for \/-isotone maps from P into complete lattices.
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Distributivity
Let P be a lattice.

Pis distributiveif pA(qV r)=(pAq)V(pAr),forany p,q,r € P, i.e.
g — p A qis v-isotone. Note that the inequality > is always satisfied.
@ P s distributive iff —P is distributive, i.e. g — p Vv g is A-isotone.
@ Another equivalent condition is r < p v q implies existence of
p < pandq < qwithr=p Vv . Inother words,
(pV q] = (p]V(q], for every p,q € P (and dually).
@ Yet another one: for any p, q,r € P we have
(pva)A(@vr)n(rvp)=(pArq)V(gnar)V(rAp).
@ P s distributive iff it does NOT contain non-distributive sublattices
with 5 elements (can be specified further).

A sublattice of a distributive lattice is distributive.

Any totally ordered set is a distributive lattice. P (X) is distributive.

Subspaces of a vector space or sublattices of a lattice form
non-distributive complete lattices.
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Theorem 2 (Stone representation theorem)
P is distributive iff it isomorphic to a sublattice of P (X). J

We will say that P is \/-distributive, if g — p A g is \/-isotone. In this

case VQAVR= \/ pAgq,forany Q, R C P with supremums.
geq, reR

Any vector lattice is \/- and A -distributive.

A \/-regular sublattice of a \/-distributive lattice is \/-distributive.

If 7 is a topology on X, it is \/-distributive, but not always A-distributive.
Denote the set of all ideals (= V-closed lower sets) of P by Jp.

Proposition 17 (Let P be distributive. Then:)

@ Jp is a \/-distributive lattice. It is complete iff P has the least
element. Otherwise, Jp U {&} is complete.

@ JVyH=JVH:={jVvh jed, he H}, forany J, H € Jp.

@ fTC Jp, then\ ,, Z=NT1:={jV..Vjn, jx € J €I} and
Ns.Z =NZ. In particular, 7p U {@} is ()-closed in P (P).
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Boolean algebras

Let P be a lattice with Op. Disjointness: pLqgif pA q = Op.

P is called a Boolean algebra if it is distributive, there is 1p, and for
every p € P there is p* such that p* Lpand p*L_pp,i.e. pVv p* =1p.
Every Boolean algebra is \/- and A-distributive.

A map between BA’s is a Boolean homomorphism if it preserves
Boolean operations (including 0-nary operations 0 and 1).

(0-)algebras of sets from measure theory are precisely ( \/ -closed)
neN
subalgebras of P (X). Clop(X) is a subalgebra of P (X).

A Boolean algebra is (o-)complete if it is \/-complete (or \/ -).
neN

Theorem 3 (Stone Representation theorem)

For any Boolean algebra P there is a unique totally disconnected
compact Hausdorff space X such that Clop(X) ~ P. Hence, any BA is
isomorphic to an algebra of sets. Homomorphisms between BA’s

correspond to continuous maps of these space via pre-image.
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@ Pis (o-)complete iff its Stone space is extremally (basically)
disconnected, i.e. the closure of an open (F,) set is open.

@ MacNeille completion of a BA is a BA (not true for distributive).

@ A homomorphism between BA’s is \/-isotone iff the corresponding
Stone map preserves sets with nonempty interior (almost open).

@ (Loomis-Sikorsky) Any o-complete BA is isomorphic to a factor of
a o-algebra of sets over a \/ -closed ideal.

neN
@ QC Pis \/-dense iff Q\ {0p} is refining, i.e. (p]q # @, for p > Op.
>0

Isomorphisms of categories:
@ Boolean Algebras; e Compact totally disconnected spaces;
@ Hyperarchimedean (=every principal ideal is a projection band)
vector lattices with selected strong units and unit-preserving
homomorphisms.

@ Complete Boolean Algebras and \/-isotone homomorphisms;
@ Extremally disconnected spaces and almost open maps;
@ Universally complete vector lattices with selected weak units and

unit-preserving order continuous homomorphisms.
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Theorem 4 (Funayama)

P is \/- and \-distributive iff it is isomorphic to a \/- and \-regular
sublattice of a Boolean Algebra.

0p # p € Pis an atom iff (p] = {Op, p}. P is atomless if there are no

atoms, and atomic if the set of atoms is \/-dense.
>0
Atoms correspond to the isolated points of the Stone space of a BA.

Atomless = no isolated point. Atomic = isolated points are dense.
If P is an atomic BA, then P° = P (P,), where P, — atoms of P.

There is a unique countable atomless BA. Its Stone space is the
Cantor space.

The set of fragments (=components) of any element of a VL is a BA.

For example, if K is totally disconnected, the characteristic functions of
clopen sets form \/- and /\-closed and regular subset of C (K).

Positive disjoint sets in a VL represent embedding of the Boolean ring
(“local Boolean algebra”) of finite sets.
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Proposition 18

If P is a distributive lattice with 0p and 1p, then the set P, of all
complemented elements in P is a Boolean algebra, which is a
sublattice of P, that contains Op,1p. In particular, (p A q)" = p* vV g*
and (pV q)* = p* A q*, forevery p,q € Pe.

The pseudo-complement of p is p* := max {p}L (if exists).

Theorem 5 (Glivenko Theorem)
Let P be a complete \/-distributive lattice. Then:
@ p* exists for every p € P, (x,x) is a polarity from P to P, and
p— p**isahullon P.
e P*={p*, pe P} ={pec P, p=p**} is a complete Boolean

algebra, which is also )\ -closed in P.
>0

@ pVp-q=(p*ANg")" = (pVQq)™, forevery p,q € P*; we also have
(PAQ)" = (P AQ) and(pA Q)™ =p™ Aq™, forevery p,q € P.

For example, regularly open sets form a complete Boolean algebra.
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Let F be a VL. Then, | C F is anideal of F iff I, is an ideal in F, with
2l C Iy and I = {f, |f| € I+}.

If E and H are ideals, then ENH = {0} < elh,forallee E, he H;
also Evz, H=E + H. If 7 C ZFr, then

Vo T=—4-T={h+.+h keEed}.

I — I, is \/- and /\-isotone order embedding from Zr into Jr, . Hence,
ZF is \/-distributive.

Corollary 4

If F is Archimedean, then bands are the pseudo-complemented
elements of Zr; they form a Boolean algebra, which is a ()-closed
subset of Zr. Projection bands are the complemented elements of Zg;
they form a Boolean algebra, which is a sublattice of Tr.

Theorem 6 (B.)
HeZIrisaPB iff H+NJ=N{H+E, E€ J}, forany J C IF.
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Ordered vector spaces
An order < on a vector space E is linearif e — e + hand e — \e are
isotone, for every h € E and A > 0. E is directed iff E; — E; = E.

E is Archimedeanif )\ le =0, for every e > Og.
neN

@ # A ¢ E is called a Dedekind cutiff A= A™.,
Ais called a Frink ideal if B™ c A, for every finite B C A. A linear
T : E — F between VLs is a homomorphism iff it is Frink-continuous.
Theorem 7 (Dedekind completion)
For every directed Archimedean vector space E there is an (essentially
unique) OVS E° and a linear order embedding j : E — E° such that:

@ E° is a boundedly complete vector lattice;

@ jE is\/- and \-dense in E’;

o EY verifies the universal property for boundedly complete vector

lattices and: e Frink-continuous linear maps;

@ Positive operators; e \/-isotone linear maps.
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Sketch of the proof for Dedekind completion

Fact: If A C E is bounded from above, then A (AT — A) = O.

Lemma: If a cone is a group, then it is a vector space.

@ Every Dedkind cut is convex and bounded from above in E;
@ EYis directed upward and downward;
@ Addition is associative;

@ 0gs := —E, = (0g] = {0g}* is the neutral element for addition.
Hint: If Ais a Dedekind cut, then A — E, = A;

@ Additive inversion is given by —A'. Hint: use the fact;
@ If A>0,and A C E, then AA™ = (\A);

@ Show that positive scalar multiplication defined this way turns E
into a cone; then use the Lemma;

@ The order on E? is a linear order.
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If F C Eis a subspace, such that F, is refining in E,. (i.e. for every
f > Of there is e € E N (Of, f]), then F is \/-dense.

In general, even though E is \/-dense in E?, it is not always true that
E. is refining in E¢.
Theorem 8 (B., Deng, Kalauch, Malinowski, van Gaans)
For a directed Archimedean OVS TFAE:
@ Foreverye £ 0 thereisf> 0 suchthatg > e, 0= g>f;
@ Foreverye,f e E such that {e, f}1 ¢ E. there is g > Of such that
{e,f}T C[g);
Ife,f e E. withe £ f then there is g > f such that {e, f} c [g);
E. is refining in E? ;
E, ist-dense in ES ;
E embeds into a vector lattice with E.. refining in F;
(E®), U {+oc} is the MacNeille completion of E..

Examples: spaces of smooth functions.
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More references
Distributivity:
@ G. Gratzer, Lattice theory; Foundation, 2010.

@ R. Balbes & P. Dwinger, Distributive Lattices, 1974.
@ J. Picado, A. Pultr, Frames and Locales. Topology without points,

2012.
Boolean algebras:

@ S. Koppelberg, General theory of Boolean algebras in Handbook
of Boolean algebras, 1989.

@ R. Sikorski, Boolean algebras, 1969.
@ D.A. Viadimirov, Boolean Algebras in Analysis, 2002.

Ordered vector spaces:

@ A. Kalauch & O. van Gaans, Pre-Riesz Spaces, 2019.
@ C.D. Aliprantis & R. Tourky, Cones and duality, 2007.
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