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@ The asymptotic behaviour of large-scale solutions of the Hitchin equation.

@ The existence of harmonic metrics for generic Higgs bundles equipped with a

non-degenerate symmetric pairing

Both problems are related with some easy estimates for harmonic metrics sat-
isfying the compatibility condition with non-degenerate symmetric pairing.




Introduction

We consider a stable Higgs bundle (E,60) of degree 0 and rank n on a compact Riemann
surface X. The spectral curve is denoted by Xy We consider the case Xy is smooth.
(The general fiber of the projection £y — X consists of n-points.) We fix a flat metric
hgey() of det(E).

Theorem (Hitchin, Simpson) There exists a unique harmonic metric & of (E, 8) such
that det() = hgey(g), i-€., B is a Hermitian metric of E satisfying the Hitchin equation:

R(h)+16,6,] =0.

(R(h): the curvature of the Chern connection of (E,h), 9;: the adjoint of 6.)

For each t > 0, because (E,10) is stable, there exists a harmonic metric i, of (E,16)
(large-scale solution, large solution) such that det(f;) = hyey(r):

R(h)+1[0,6]]=0.

Issue Study the asymptotic behaviour of h; as t — oo.




Motivation
Let .#y denote the moduli space of Higgs bundles.

Theorem (Hitchin) .y is naturally equipped with the hyperkahler metric gy .

The tangent space of .#y at (E,0) is identified with
HVE,0,h) = {harmonic 1-forms of (End(E),6,h)}.

The metric (gu)(£,g) is identified with the natural metric on HV(E,B,h).

We are interested in the behaviour of gy around o« of .#y.

Let .#/; denote the moduli space of Higgs bundles whose spectral curves are smooth. There
exists the Hitchin fibration .,
Dpy s My — Ay C PH(X.KY).
j=2
There exists a hyperkahler metric gsr of ./}, called the semi-flat metric determined by the

structure of the integrable systems.
According to a conjectural description of gy by Gaiotto-Moore-Neitzke

an—gr=eP" (B>0) along the ray (E,t6) (1 — o)



Known results in the rank 2 case
Suppose rank E = 2. For simplicity, we assume tr@ = 0. We set D := {det0 =0} C X (the
set of the critical value of £y — X).

Theorem (Mazzeo-Swoboda-Weiss-Witt)
3 a decoupled harmonic metric ho (R(he) = [6,6;;] =0) of (E,0)x\p, such that
det(hoo) = hdet(E) and

hi —heo = 0(e BE))  onV compact K c X\ D for 3B(K) > 0

More precisely, they constructed a family of metrics /, of E such that det(h;) = haew(E)

and
Iy —heo = 0(e P&y (on ¥ compact K € X\ D for 3B(K) > 0)

R(h,) +12[6, eg ]=0(e %) (on X for 3¢ > 0)

Theorem (Mazzeo-Swoboda-Weiss-Witt)

h—h =0(e%) on X for 36 >0

@ On the basis of this result and some ideas of Dumas-Neitzke, MSWW and Fredrickson
proved gsr —gn = 0(e P") along the ray (E,10).

@ It was generalized to some parabolic case by Fredrickson-Mazzeo-Swoboda-Weiss.



Main result
We consider the case where rank(E) is arbitrary. Let D C X denote the set of the critical

values of X9 — X.

Theorem (Fredrickson, M-Szabo)
3 a decoupled harmonic metric /. of (E,8)x\p, and

by —hoo = 0(e BE))  0nV compact K € X\ D for IB(K) >0

A rough strategy is the same. We construct a family of metrics Iy of E such that haet(E) = hder(E)

and
I —heo = 0(e PE)) (on ¥ compact K C X\ D for 3B(K) > 0)

R(h)+1°[0,61]=0(e™)  (on X for 3¢ >0)

Theorem (Fredrickson, M-Szabo)

h—h =0(e%) on X for 36 >0

But, because the ramification of 9 — X is more complicated, we need new ideas for the proof.

Theorem (M-Szabo) It is generalized to the case of family of Higgs bundles (E;,6;) (s €S)
such that Xg, are smooth.




The fiducial solutions in the rank 2 case

Suppose rankE =2, det(E) = Ox and tr6 = 0.

Let P € D= {det = 0}. Because Ly is smooth, P is a simple zero of det6.
3(Xp,zp) a holomorphic coordinate neighbourhood around P such that

zp(P) =0, det(8) = zp(dzp)*.
We identify 7*Xp = Xp x C¢, (zp,Edzp) +— (zp, &)
ToNT*Xp={(zp,&)|E* —2p =0}.
3 a frame vy, vy of Ey, such that

0(vi) =vadzp, O(v2)=vizpdzp, VviAv2=1

There exists a family of harmonic metrics hp, (fiducial solutions) of (E,76)x, such
that

hpe(vi,v2) =0, hp(vi,vi)(zp) = hpe (vi,vi)(Izpl), Vi Avalp,, = 1.

@ It is explicitly described by using a solution of a special case of Painlevé Ill.

@ It is also obtained by a rescaling of a wild harmonic bundle on C.



We consider the Higgs bundle

0 w
Ey= Oce; ® Ocen, 90(61762)—(91782)< L 0 )dw-

This Higgs bundle has a unique harmonic metric hy such that |ej Aez|ge(n) = 1

For 1 >0, the map @, : Xp — C is defined by ¢;(zp) = t2/3zp.
o (Eo,00) ~ (E,10)x,. 1'%/ (er) & vi, 1709 (e2) &> ).

We obtain hp; = @ (ho).

-

In the rank 2 case, if the spectral curve is smooth,

@ the local structure of Higgs bundle is uniquely determined, and highly
symmetric,

@ there exists a good family of harmonic metric

(a solution of an ODE, a rescaling of wild harmonic bundle on (P!, o))




A problem in the higher rank case

Suppose rank(E) =3, det(E) = Ox and tr6 = 0.

Let P be a critical value of £g — X. Assume that 75X NXg = {0}.

Let (Xp,zp) be a coordinate neighbourhood around P such that zp(P) =0.

T*XpNEg = {(zp,&) | &+ a1 (zp)& + o0 (zp) =0}.

@ 0(0) =0 and d;,a0(0) # 0. By changing zp, we may normalize o (zp) = —zp-

@ 0;(0) =0. But, in general, there is no additional condition.

If a; is constantly O, there is a direct generalization of the fiducial solution.

Indeed, (E,0)x, has a frame vy,v2,v3 such that
0(vi) =vadzp, O(v2) =v3dzp, 6(v3)=zpvidzp, VviAvAv3=1.

By solving an ODE, or by rescaling a wild harmonic bundle, we can obtain a family of harmonic
metrics hp, of (E,10)x, such that

hps(vivj) =0 (i #j),  hpe(vivi)(zp) = hps(viyvi)(lzel), i Ava Avsp,, =1.

But, to study the case where @ is not constantly 0, we need new ideas.




Basic tools

Non-degenerate symmetric pairings
Let (E,0) be a Higgs bundle on a Riemann surface X.

@ A non-degenerate symmetric pairing C of (E,6) is a non-degenerate
symmetric pairing of E such that 6 is self-dual with respect to C.

C(6u,v) =C(u,0v) for any local sections u,v of E

It induces an isomorphism W¢: E ~EV.

@ A Hermitian metric i is compatible with C if W¢ is an isometry with respect
to h and hV.



Dirichlet problem for harmonic metrics
Let Y C X be a relatively compact open subset such that dY is smooth.
Let hyy be a Hermitian metric of Eyy.

Theorem (Donaldson) There exists a unique harmonic metric h of (E,8)y
such that h‘gy =hyy.

The following is a minor complement.

Proposition (Li-M) If (E,0) is equipped with a non-degenerate symmetric
pairing C, and if hyy is compatible with C|yy, then h is compatible with C.




Canonical decoupled harmonic metric in the regular semisimple case
Let (E,0) be a Higgs bundle of rank n on X.

Definition (E,0) is called regular semisimple if each fiber of X9 — X has n-points.

Suppose (E, 0) is equipped with a non-degenerate symmetric pairing C.

Proposition (Li-M) If (E,0) is regular semisimple, there exists a unique decoupled
harmonic metric 4€ of (E,8) compatible with C.

@ Let m:Xg — X denote the projection. There exists a line bundle L on Xy such that
(L) = (E,0).

@ There exists a non-degenerate symmetric pairing Cr, of L such that C = . (Cyr).

@ We obtain a flat metric iy of L as hz(v,v) =|Cr(v,v)].

@ 7. (hy) is the desired decoupled harmonic metric.

Remark The uniqueness is claimed for decoupled harmonic metrics compatible with
C. In general, there are many other harmonic metrics compatible with C.




Some estimates
Let Harm(E, 6,C) be the set of harmonic metrics of (E,0) compatible with C. For any
h € Harm(E, 8,C), we obtain the automorphism s(h", /) of E determined by

h(u,v) = h¢ (s(hc,h)u,v) u,v € C*(X,E).

Let X’ C X be a relatively compact open subset.

Estimate 1 (Li-M)
There exists By > 0, depending only on X, X’ and Zg, such that

S;;pls(hc,h)lhc <B, (VheHarm(E,0,C)).

Estimate 2 (M-Szabo)
There exists By, B3 > 0 depending only on X, X" and g, such that

sup|s(h,h) —idg|,c < Brexp(—Bst) (V¢ > 1, Yh € Harm(E,10,C)).
X/

Remark Higher derivatives are also dominated similarly.
These estimates follow from a variant of Simpson’s main estimates and elementary
calculations for matrices.




Asymptotic behaviour of large-scale solutions

Let X be a compact Riemann surface. Let (E,0) be a stable Higgs bundle of degree 0
on X. Suppose the spectral curve is smooth. We fix a flat metric /(g of det(E). Let
h; be the unique harmonic metric of (E,70) such that det(h/) = hyey(k)-

We would like to study the behaviour of i, as t — oo,

Symmetric case (easy)

If (E,0) is equipped with a non-degenerate symmetric pairing, it is easy to study. Let D
denote the set of the critical values of X9 — X. There exists the decoupled harmonic
metric K€ of (E,0)x\p compatible with C. The following theorem is a direct
consequence of Estimate 2.

Theorem (M-Szabo) For any compact subset K C X \ D, there exists $(K) > 0 such
that
sip|s(hc,h,) —idg|,c = O(exp(—=B(K))) (1 — o).

Estimate 2 is also useful even in the case (E,0) is not equipped with C.



Limiting configuration (Mazzeo-Swoboda-Weiss-Witt, Fredrickson)

There exists a line bundle L on Xg with an isomorphism 7, (L) ~ (E,0).

Let O € X4 be the critical point of T: X9 — X. Let r(Q) denote the ramification index at
Q, i.e., for an appropriate local coordinate {y around Q, n({p) = @),

Because

1
deg(1)— ¥ 5 (r(Q) = 1) =0,
Q
there exists a flat metric iy, of Ljz,\ z-1(p) such that

hi(vo,vo) = |Z_,'Q|7’<Q>+1 3 frame vg of L around Q

We obtain the decoupled harmonic metric ho = 7. (hy) of (E,0)x\p (limiting
configuration). We can normalize det(he) = ey (C* on X). We would like to show

lim /y = heo.
t—o0



Locally defined symmetric pairing

Lemma Let P € D. On a neighbourhood Xp of P, there exists a non-degenerate
symmetric pairing Cp of (E,0)x, such that Cpix,\(p) is compatible with /i x,\ (p}-

® T"XpNZXe =|lger;xrzo(Ze)o (the connected components)
@ Let {p be a holomorphic coordinate of (£g)p such that {p(Q) =0.

@ Let Ly denote the restriction of L to (£g)p. There exists a frame vp of Ly such
that
hi(vg,vo) = |Go| .

@ We define
CoiLo@Lo— Oz, ((r(Q)~1)Q), Colvo.vg) =¢ ",

® Cp = m(Cp) induces a non-degenerate symmetric pairing of (E,0)x,\(p)
compatible with /.

@ Moreover, Cp induces a non-degenerate symmetric pairing of (E,0)x,.

This pairing Cp is useful in the study of the asymptotic behaviour of large solutions.




Local models and approximate solutions

® For each 1 >0, we obtain a harmonic metric /p; of (E,16)x, such that
hpjjax, = helgx, as a solution of the Dirichlet problem.

@ Because /., is compatible with Cp, hp; is compatible with Cp.

@ By Estimate 2, on any compact subset K C Xp \ {P},

szp]s(hm,hgt) —id‘h°° <By(K)exp(—B3(K)t) (1 — o).

@ By patching /e and hp; (P € D), we construct Hermitian metrics Iy of E such that
det(h) = hgey(g) and

s§p|R(E) +7%16, egl [ o =0™®)  (3e>0).

sup|s(heo, 1) —id|, = 0(e PE") (VK € X\ D compact IB(K) > 0)
P -

Theorem (M-Szabo) supx‘s(iz},h) _id‘ﬁ, =0(e %) (6§>0).
The higher derivatives are also dominated similarly.




Outline of the proof
Step 1 We set s; = s(hy, ). We have det(s;) =1 and

Bgy Tr(si) = V=IATe((R(h) +210.6] 1) -s1) = [Fx(so)s, [ 10,5115, 7.
We obtain
“1)2 ~1/2

19 (se)sy 2|22 o0 + E0sids 2] 225 o, = O™) (3e>0)

We set b, = supy Tr(s;). Note that b, > rank(E), and b, =rank(E) if and only if s, = id.
We set u; :b,‘ls,.

® 38> 0 such that [u[; <B, and [y |9u|2 +|[0,u][} —0ast— oo

® 3 subsequence u;(;) convergent to i in L% locally on X\ D.

Lemma u.. is non-zero, bounded with respect to he., and satisfies duteo = 6, tteo] = 0.
Moreover, u. is self-adjoint with respect to /.

® By looking at (E,0)x\p with &, it is easy to see that such u. is the
multiplication of a positive constant.

@ Hence, b; and b,’1 are bounded. Together with det(s;) = 1, we obtain s; — idg.



Step 2 By the convergence s; — idg, we obtain
10GN3 7 0 + 11165032 o = O™*) (32> 0).
Because s; are self-adjoint, we also obtain
H S’ HL2 Jhegx + Ht st HL2 higx 0(6*51).

By a variant of Simpson's main estimate,

5111(P|§(Sz_13,;/sz)|;”gx = O(e_ﬁum) (VK € X\ D compact,3(K) >

We obtain

SuP|av st |h, 28X O(e_ﬁ/<K)l)’ Sip|§(sl)|ﬁ,,gx = O(e_ﬁ,(K)t)'

It means

— 0P,

sup| V7, ()7, g

0)



Step 3 Let Pe X\ D. On a neighbourhood Xp, there exists a decomposition
n
(E,G)‘XP:@(EH,BRI») (rankERi: 1).
i=1
We have the decomposition s; = Y.(s/)p;;  (st)p;,; € Hom(Ep, Ep;).
By a variant of Simpson’s main estimate, we obtain |(s;)p; ;|; = O(e BXe)ty (i £ ).

Because det(s;) = 1, we obtain [T/ (s:)p;i—1 = O(e*ﬁ'(xf’ﬁ).

Step 4

Let ¥ be a loop on X\ D such that y(0) = y(1) = P. We obtain a permutation of the
components Ep; as the monodromy of £9 — X along y. Because |V; (s;)[; o O(e P
along v (Step 2), we obtain '

(s0)pii— (s1)pjj = O(e P"XN) (v, j).
Because [T (st)pii—1= O(e P'(XP)ty by Step 3, we obtain
(St)P,i,i —1= O(e—ﬁm(xp)Z) (Vi).

Namely, supK’s, _id’ﬁ, = 0(e PE)1)  (yK c X\ D compact 3B(K) > 0).



Step 5 Let N(D) be a neighbourhood of D.

sup ’s,—ld’; =0(e ﬁ’).
X\N(D

Agy Tr(s, —id) < O(e™P1).

By using the maximum principle for subharmonic functions, we obtain
Tr(s; —id) = O(e P).

It implies |s; _id|ﬁ, =0(e P



Another result: An existence result of harmonic metrics

A Higgs bundle is called generically regular semisimple if there exists a discrete subset
D C X such that (E,8)x\p is regular semisimple.

Theorem (Li-M)

Let (E,0) be a generically regular semisimple equipped with a non-degenerate sym-
metric pairing C on X (not necessarily compact). Then, (E,0) has a harmonic metric
compatible with C.

Remark We can apply this theorem to Higgs bundles in the Hitchin section.

Remark 1f X =X\ D for a compact Riemann surface X and a finite point D, and if Xg is
meromorphic along D, we can classify harmonic metrics the associated filtered Higgs
bundles. We do not have to care about polystability condition in the symmetric case.



Outline of the proof

)

We take an increasing family of open subsets X; C X, C --- such that (i) X; are
relatively compact in X;.1, (i) UX; =X, (iii) dX; are smooth, (iv) dX;ND = 0.
Let iy be a Hermitian metric of E compatible with C. As a solution of the
Dirichlet problem, we obtain harmonic metrics ; of Ejx, such that hygx, = hg|ox,-

h; are also compatible with C.

Let N(D) denote a neighbourhood of D such that dX;NN(D) =0. By Estimate 1,
for each i, there exists B; > 0 such that

sup  (|s(hC,hj)|pe +1s(hS h) ") <Bi (V> ).
X\N(D)

By using the subharmonicity of Tr(s(h;.1,h})), for each i, there exists B, > 0 such
that

sup(|s(hist,hj) e + [s(hivr b))~ |e) < Bf (V) > ).
Then, we can show the existence of a convergent subsequence by a standard
argument.
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