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Motivation for the big algebras

@ u e X;F(SL,) highest weight repn. p* : SL, — GL(VH)

o typically C* = (S(slp) ® End(V*))€ is not commutative

@ Problem: what is the mirror S(o*(E¢)) = ﬂé‘(OWg) e DP(M)?
° wg(owg) is pushforward of the pullback from the Hecke

correspondence M « HE — M
~ wg(owg) a sheaf of algebras
~> its conjectured mirror p"(Ec)leJ also sheaf of algebras
~» need B c C* big algebra, commutative and cyclic
~> Spec(8") — Spec(Hg, ) models Spec(?-{f,‘(OWg)) — A
@ Hints for the construction:
@ (Rozhkovskaya 2002) describes explicitly Co, -+, (s13)
(Tai 2014) describes explicitly C,.,,(g) for g simple
they all contain a maximal cyclic commutative subalgebra
@ the center Z(C*) c C*
is generated by M-operators of Kirillov
© reminiscent of Mishchenko-Fomenko integrable systems
maximally Poisson commutative subalgebras in S(g)
generated by iterated derivatives of invariant polynomials



Construction of the big algebra

@ {X;} basis for sl,, {X} dual basis wrt Killing form
D:Ct — C*=(S(sl}) ®End(V*))S Kirillov's D
° A o Zipﬂ(Xi)aa(_)/:,) irillov’s D-operator
@ ¢j € C[sly|Str = Hg, , invariant polynomial
t" 4 co(a)t" 2 + --- + cp(a) char poly of a € sl,
@ Mi_1 := D(c;) Kirillov’s M-operators medium operators
o M= (1vu, My,..., Mn_t)p; < C* medium algebra = Z(CH)
@ Bk := D¥(c;) € C* big operators of age k and degree i — k
o B* = <1 Vi, {Bkvi_k}k>i>H§Ln c CH big algebra > M-

Theorem ( Hausel-Zveryk, Hausel 2022)
BH c C* is commutative, cyclic, finite-free | H;Ln and maximal

@ proof via a universal big algebra 8 c (S(g) ® U(q))® as a
Gaudin algebra from (Feigin—Frenkel, 1992)

@ cyclicity follows from (Feigin—Frenkel-Rybnikov 2006)
in quantization of Mishchenko-Fomenko integrable systems
~» B is some sort of quantum integrable system



Geometric properties of B+

@ Gr:=PGL,((z2))/PGLy[[z]] affine Grassmannian of PGL,
o Gr* := PGL,[[z]]z# c Gr affine Schubert; Gr“* = Gr(k, n)
@ (Bezrukavnikov—Finkelberg 2008) describe the graded

Hpqr -algebra Hyo (Gr) & Iy, (Gr*) as module over it ~

Corollary (Hausel 2022)
HpaL, (Gr') = M¥ as H, -algebras
EndH;;G (Grﬂ)(IHPGLn(GPu)) ~ CH
IHpq, (Gr*) = B as MH-modules
-algebra structure on IHp;; (Gr*)

~» (conj. unique) graded H;;GL”
.

Conijecture (Hausel 2022)

Spec(B) « Specyy (0(Ey)) = He(Wy') - Spec(IHzg,

l L l l 4 l
Spec(HéI":n) « AY = A - Spec(HSELn)

(Gr))
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Finer structure of big algebras

@ (Yakimova 2022) ~» construction of B* generalises to other
simple G, but explicit generators only in classical types and Gz
@ equivariant multiplicity m*(t) := m(8*)(t) = P;(IH**(Gr*)) =
(1 — ttr)
D)= | | v
ﬁle;L (1 — Heb >)
& principal SL, ¢ G or & Hard Lefschetz for IH?*(Gr*)
My € B = IHé*(Gr“) represents the equivariant Kahler class
® Spec(M) = Uxz514, Spec(M)) irreducible components.
M = H;(G/P,,C) = Hg(Gr},C); Gr* = [],<, G, BB-dec.
@ The mutliplicity algebra of M, c 8, endows
IH (W) = 8 /(M, ) a graded ring
ringifying Kazhdan-Lusztig polynomials IP;(W/).
E.g. IH (W) = 84/(M}) ~
geometrizes (Brylinski 1989)’s limits of weight spaces

Dynkin polynomial unimodal



Involutions on big algebras

(*]

o
o
o

G complex semisimple; o : G — G anti-holomorphic
involution; G” real form; K ¢ G maximal compact
examples: o, compact; o5 split real form
6 := 6, : G — G holomorphic Cartan involution; G’ = K¢
(Garcia-Prada, Ramanan 2019) ~» holomorphic
anti-symplectic involution ¢ : Mg — Mg such that

= [ [ 4~ Mg holomorphic Lagrangian
e.g. o ~ ¢ then (E, ®) = (E,-9)
o ~ s then s(E, ®) = (65(E), —0s(P)), induced from
6s : G — G Chevalley involution.
Motivating problem: for & € M‘“" describe Hitchin map
hg Wg‘ = Wg' NM — A
Abstract problem: u = 6(u) describe ¢« : 8# — B+ compute
B = B"/(x — 1(x))xes: coinvariant algebra over (Hg,)y &
fixed point scheme Spec(8+)" = Spec(8,') over Spec((H)s)
Observation: ¢, = (-1)%9 : 8¢ — B and
ts = (—1)39¢ . B* — B for self-dual u = s(u)



Algebraic conjectures on involutions

® u = 6(u) is non-degenerate when B, is finite-free over (H)s
in this case multiplicity mj, := rank:),(8,") and equivariant
multiplicity mli(t) = P«(B!'/(H)e+)

H(ﬂ—l—p,[BV])GZZ(1 - t<u+p,ﬁv>)

precat oy Heoipez(1=1047)

Conijecture (Hausel 2023)

@ u = 6(u) is non-degenerate < D)(1) # 0 assumed for the rest
Q@ my=D;(1)>0
@ & :G — G quasi-split [f] = [0] € Out(G) = Out(G) ~

3 G7-invariant Hermitian form h* on V¥, s.t. [sig(h*)| = D4(1)
Q o =0 then D;(1) = D*(-1) = sig(IH*(Gr*))
@ o =05 thenm)) < mj and m = myj & 65 acts trivially on Vi
Q@ my(t) = Dj(t) € N[t], palindromic < B, Gorenstein, even Cl |

@ (3) ~ (Vogan et al. 2018) and (Karpelevich 1955)
(4) ~ (Lusztig-Yun 2013) (5) ~ (Millson-Toledano 2004)

o Di(t) :=




Geometric conjectures on involutions

@ o : G — G quasi-split ~ 3 H c G” maximal split subgroup
~ 37 :G - G such that G = Hc ~ (H)e, = Hy, = H.
~» 0; : G — G distinguished (< preserves a pinning) call T
quasi-compact e.g. when o split then 7 is compact
when o non-split then (G, G%) =
(SL2n+1,S02n+1), (SL2n, Spp), (SO2n, SO2n-1) or (Eg, Fa)

Conijecture (Hausel 2023)

Q 1 =1(k) = 6(u) ~ T = 1 € Autp(IH;(Gr*)) = Autp(8")
@ 7 non-compact, u non-degenerate ~ B, = IH:.((Gr*)") and
© (Gr*)" c Gr* Lagrangian ~» degi(Dj, (t)) < deg(D*(t))/2

o 7" € Autp(IH*(Gr*)) = Autp(V*) can be computed from the
Geometric-Satake /R (Richarz—Zhu, 2015)~»
36, € LG = G~ Z/2Z ~ Ad(6;) € Auta(G) ~» 7 € Autp( VH)
o expect Ad(;) = 65 € Autp(G) quasi-split ~ |sig(h*)| = D}(1)
@ minuscule u by (Gonzalez—Hausel, Elkner 2023) in H; of
Grassmannians, even spheres and Cayley projective planes



Principal endoscopy and transfer for big algebras

@ G complex reductive, k : G — G distinguished
corresponds to a folding of the Dynkin diagram
@ endoscopy group Gy := G
Conjecture (Hausel 2023)

e X2 (G) = X1(Gy) ~ k: BHG) - 84(G) s.t. B4(G), = 84(Gy)

0 ~ > e X (G) =X (Gy), V¥ irrep of G, W irrep of G, ~
trc: VA - vﬂ) = dim(84(G),) = dim(%(Gy)) = dim Wi~
tr (K V- Vf;) = dim W/ (Jantzen 1973)’s twining formula

@ e.g. when o » 0g then k = 115 = (—1)%e9+age
Conjecture reflects geometry (Garcia-Prada—Ramanan 2019)
of symplectic involution «x = tsts € Auta(Mg)

HONTS Mger hyperkahler ~
(3”( )io)ee = (B4(G)io)is = B(Gi), D (-1) = D¥(G)(~1)
also & curious D (1)D (1)/D#(1)=D%. (G,) (t)/D*(G)(1)

e for principal H ¢ G we expect a transfer 84(G) -» 8*(H) e.g.
SL, ¢ G principal: SLo(V) — SL(Sym*(V)), G2 cSO7(c SOg)



Open directions

@ acAh, Cl:=Specq(B(Ea))cK% @---® KN big spectral curve
(E,®) € h'(a) ~ rank 1 module / 8%(&,), rank 1 sheaf / C4
Is there a big BNR correspondence?

@ If yes ~» could transfer rank 1 8%(G)(&,)- module to rank 1
B4(G,)(E4)-module ~» endoscopic transfer of Higgs bundles
Mg 2 hy'(Ag,) — My, , expected as the mirror of Mg« € Mg

@ mirror of Mgs € Mg could be given by transfer of rank 1
B#(E4) module to rank 1 B}'(E,)-module.

What is a rank 1 8.'(E;)-module?

@ U(n,n+1)" = Sp, c GL2n41 is not principal ~ there must be
a non-trivial line bundle on My n41) € MgL,,,, SO that its
mirror is supported on Mg, C MgL,,,

@ GCM ~» C*(M) := Maps(M, End(V#))C Kirillov algebra. Is
there big 84(M) c CH(M)? u: M — g¢* = g Hamiltonian ~»
BH(g) = B*(M). When is it surjective?

@ We can embed Spec(8*) c P(V*) x g//G. Does 8" map to

fixed point scheme of any G-orbit closure in P(V#)? Do we
———wond
have a surjective map 8+ —» HE(G/G"WO” )?



