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Recall from lecture 1

(*]

(*]

Eo :=O0coK;'---aKl™"
a=(ap....an) € A=HOKZ)x - x H(KZ)

00.. 0 an
10.. 0 ap_ . .
P, = (o . 1) : Eg = EpKc companion matrix
ap
0 10

&Ep = (E(;, ®) € M®" canonical uniformising Higgs bundle
upward flow Wgr = {(Eo, ®5)}a Hitchin section = very stable
ceC, Ex:=0coK; oK (c)e. K "(c),

k

0.0 .0
1.0 .0

sc € H(Oc(c)), Pk Z[o o) Ex — ExKc

H (Oy) = W ~ Ex = (Ex, i) very stable ~

he, : WS — A proper, finite flat

multiplicity algebra of hg = (hy,...hy) : CN = Wi — A = CN:

Qn := C[W nh77(0)] = C[Wg]/(h™"(mo)) =
C[X1,...,XN]/(h1,...,hN)
dim Qp, < 00 & & very stable ~ Qp, is a graded PD ring



Hitchin map as spectrum of equivariant cohomology

@ G complex reductive; EG — BG universal principal G-bundle;
H,:=H"(BG; C) = C[g]° = C[{]V

o GC X variety; Xg := X x EG/G Borel quotient;
H;(X; C) :== H*(Xa: C) equivariant cohomology H,-algebra

e equivariantly formal & H;(X; C)o = H*(X; C) & H;(X) is free
over Hf, = Spec(HZ'(X; C)) — Spec(HZ") = t/W is proper

Theorem (Hausel, 2022)

The Hitchin map on the minuscule upward flow W,:L is modelled on
spectrum of PGL,-equivariant cohomology of the Grassmannian

W - Spec(Hz (Gr(k,n),C))

he | a l
A -» Spec(HﬁELn)

y

@ proof by fixed point scheme in Gr(k,n) = Gr“* affine Schubert
as in (Hausel-Rychlewicz 2023)

o ~> multiplicity algebra Q, = C[h,'(0)] = H?*(Gr(k,n); C)
(Hausel-Hitchin 2021)



Universal bundle of Kirillov algebras

@ X3 (G) > p-highest weight rep. p# : G — GL(V¥)

e C* := (S(¢*) ® End(V*))® = Maps(g, End(V+))C
associative, graded S(g*)¢ = H,-algebra: Kirillov algebra
e.g. My := (X — Lie(p")(X)) small operator

o (Kirillov 2000) C* commutative & p* weight multiplicity free;
e.g. minuscule

Theorem (Hausel 2022)

For G = SL,,, wk fundamental 3 universal bundle of algebra
structure on p“*(E). = A“(E). along W," = A modelled on C**

C“ < End(AX(E).) Specc(C) «  Spec, (AX(E)c)

T v T ~ 1 L l
RE e ClA] Spec(Hg )« A

A

@ construction by applying Kirillov M-operators to $,
and using cyclicity of C«* (Panyushev 2004)
@ k = 1 familiar bundle of algebra structure from BNR corr.



Minuscule Kirillov algebra

@ G = SL,, wk := A*C" € X;"(SL,)
0 Acsly~ Af(H=A) = tKk 4 tFTA) 4. A AK(C™) — AK(C™)
define M; := (A — A;) € (Map(g — End(AK(C")))C = Cw«
e.g. My = Lie(p®“*) small operator
o (N"K(tI=A))* = t"K +t"k=1By +... Bp_k :AK(C") — AK(C™)
define N; := (A  B)) € (Map(s — End(A¥(C")))C = Cx
@ M;, N; are commuting operators satisfying:
(th + tHTA 4+ A K KBy 4+ Byk) =
det(tl — A)ldaken = (t" + t"2co + - + Cp)ldpken
@~ C¥% =(My,...,M,Ny,..., Nn_k)HgLn = H;Ln(GI’(k, n), C)
erecal Ep=00oK '@ ---@K'"and &, = (Ep, $,) fora e A
@ M;(®,) € End(AfEp) ® K' = Hom(K~/, End(A*Ep)) ~»
AN(OeK @ --oK'"M @A (Ey) = N (Ep) @A (Ep) — N(Ep)
defines bundle of algebra structure C“«(E,) on AX(Ep)
@ e.g. k=1~ ¢l : K" — End(Ep) ~ multiplication
(OeK'e oK™ @®E) = Eg®Ey — Eg~ C”(E) on E
@ spectral curve C, := Specs(C“'(E,)) c Spec(Sym*(K)) = T*C



Minuscule attractor as universal spectral curve

0 Femp(M®) ~> Wi = U,er W, attractor of F, coisotropic

@ EeFk~ Fg={&)}, Fk=Cfork=1,...,n-1

0~ W,f_z minuscule attractors ~» W;; c M closed ~» very stable
conjecturally no other very stable attractor

o tr: W — Spec((C[WS]1)) c (C[Wg]1)* = TAWS ~
tre : WS — NL = T*F trace map
alternatively (Hitchin 2021) 6 := ixw, X gen. by C*-action~
Oy =0~ tre : WS — T*F such that 6 = tri(67+F)

°eg. trr : W > T"Fc=T*C

Theorem (Hausel 2022, conjectured by Bousseau 2022)

(i, tre,) : WE — A x T*C = universal spectral curve.
In particular, W 0 h™"(a) = Ca ¢ T*C spectral curve.




BNR correspondence from mirror symmetry

@ recall BNR correspondence: (E, ®) € Mg,
SN+ a,®"2... +a, =0for h(E,®) =a=(ap,...,an) € Ae
¢’ : K-' — End(E) induces an action of C“'(E,) on E
& rank 1 sheaf Lg/C, := Specs(C¥1(E4)) € K spectral curve
e.g. Lg line bundle when C; is smooth

® &= (E,®) € hy (a) such that C, c K is smooth
S(Og) should be by FM transform a line bundle on h;éLn(a)

Theorem (Hausel 2022)

The restriction of the mirror of Og to the standard attractor
Er S(O.g)|WF .nh-1(a) = Le recovers the BNR correspondence
1

@ generalises to wi ~ for Higgs bundle (E, $) we get medium
Higgs fields M;(®) : K~ — End(A¥(E)) generating an action
of the bundle of algebras C“<(E,) = AK(E,) on AK(E) ~»
rank 1 module on Spec;(C“*(E4)) minuscule spectral curve
CYF := Specs(C*(Ea)) c K@ K2 @ --- @ KK



Mirror of equivariant cohomology is Kirillov algebra

@ (Kapustin-Witten 2007) ~ S(o*(E").) = (Hé‘(()w;)

@ when G = PGL, and i = wk € X’ (SLp) fundamental~
Hg"(Oy:+) = Oy sheaf of algebras ~ its mirror A(EY),
should aquire a bundle of algebra structure along dual Hitchin
section from fiberwise Fourier-Mukai transform

Theorem (Hausel 2022)

Spec(C*) « Spec,y (AK(EY)e) = W7 - Spec(Hag, (Gr(k,n),C))

l L l L a2 l
Spec(H ) « AY ~A > Spec(Hzg, )

113

© using (Panyushev 2004)'s C“* = Hg; (Gr(k,n); C)
@ generalises - partly conjecturally - to all u € X;"(G)
@ ~» classical limit of geometric Satake



Traceless Lagrangians and real forms

o recall trace map trg : WH — T*F for F € mo(M©")
preimage of the zero section: Lr := trz'(F)
L := [Fenuc) L traceless Lagrangian

o TgL=TMeo T;'Mfor&eM®

@ (Garcia-Prada, Ramanan 2019) ~» holomorphic

MG i MG
(E,®) —» (E,-9)
such that M'e = [[.,, Mg~ holomorphic Lagrangian

anti-symplectic involution ¢ :

o TgMe =-- 0 T,2Mo ToMe T2Me... for &€ M~

Theorem (Hausel 2021)

The traceless Lagrangian £ c M is a Lagrangian containing the
Lagrangian M‘e € L~ M' = [, croauc) LFim

k

1 k
o we conjecture S(K7_) = R'x. (/\"(E) D Ak (E)® K)



Motivation for the big algebras

@ u € X;F(SL,) highest weight repn. p* : SL, — GL(VH)

o typically C* = (S(slp) ® End(V*))€ is not commutative

@ Problem: what is the mirror S(o*(E¢)) = ﬂé‘(OWg) € DP(M)?
° wg(owg) is pushforward of the pullback from the Hecke

correspondence M « HE — M
~ wg(owg) a sheaf of algebras
~> its conjectured mirror p"(Ec)leJ also sheaf of algebras
~» need B c C* big algebra, commutative and cyclic
~> Spec(8") — Spec(Hg, ) models Spec(?-{f,‘(OWg)) — A
@ Hints for the construction:
@ (Rozhkovskaya 2002) describes explicitly C, -+, (s3)
(Tai 2014) describes explicitly C,.,,(g) for g simple
they all contain a maximal cyclic commutative subalgebra
@ the center Z(C*) c C*
is generated by M-operators of Kirillov
© reminiscent of Mishchenko-Fomenko integrable systems
maximally Poisson commutative subalgebras in S(g)
generated by iterated derivatives of invariant polynomials



