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IiIntroductionandMotivation

Physicsthenon

The world is Quantum

mathematics
TQ ET ems Geometrid enumerative topological

invariant theory

Tyne I String Topological A model and B modal

Heterotic All sectors are coupled



stringyuodulifrotl.am

String theory SUSY as Geometries with
spasial structure
Calabi Yaa Instantons

Spacetime Mio My x Xo

Supersymmetry Xo has spacial structure

Interesting
Yeformations

of 4 as
physics in 4dModulo problems



salotandestadigmmodae

I Infinitesimal massless spectrum

Geometry is described by BPSequations

BPS O SUSY equations

Infinitesimal deformation

S BES O mus Dd O

Identify differential D 82 0



Mass less fields infinitesimal symmetries

turn t_
Infinitesimal symmetries

D is usually the differential of an elliptic complex

I si 8 so 9 a n 2 m finite dimensional
spectrum

Ers deformations of integrable complex structure

µ Beltrami differential s EMTGHG Ct'x F HE x

X Calabi Yau



I Understand Geometry of madalispace the

Geometric Structures on M Complex Kahler

Higher order def s abstractions Yukawa couplings
smooth directions saparpotential

Salmaan

Finite deformations Solve Maurer Cartan equation
in assosiated lo algebra

Da t 2,23 t O

Ers Finite def's of complex structure ME rn Tax
solve

Jmt Emm O

m Diff graded lie Algebra



Tian Toderor X Calabi Yau or 25 Camara

infinitesimal complex structure moduli are

unobstructed

III Understand Quante morali space

Quantize theory BU Brst Ak SZ

Non perturbative effects Instantons dualities

associated to structure
Compute Invariants knot invariants CS theory
Donaldson Thomas Gromov Witten s

Find topological theory governing geometric structure



Ers

q
ig

Complex
theoryMirror

f
structure

symmetry

Kahler
structure

Kohler Garity Mittens A model

oven closed

jawn jinnsduality
Conifold Versions of
transition Various

aah Donaldson tuomas
tonological
open stringtheories Hol CS theory



I Theheteroticsuperpotential

Given an SAG manifold X W R with
a gauge bundle V X the heterotic sapeopotuatial
is Cardoso 03 Garrieri 047

r e
2d

W Sy Heide ar
connection on TX

Sacemann d
where H dB ElwesCAD Wasco o x'cat

gauge connection

Note Her Cx is a global 3 foam

Local BACK transforms under gauge
transformations land diffeo Green Scharacz 184



Extrema of W I E term constraints

dr 0 X is complex

SW o Y'd 51 0 holomorphic bundle
W o H icy 5 W Anomaly

There are also D term constraints
dilaton

dle dana o an wa F 0

Moment map interpretation Garcia Fernandez etat 18 20
Ashmore etat 19

Together they form the Hull Strominger system
Hall 86 Strominger 86



IisHeteroticuadaf
Varg action away from BES Cocas

Ashmore etat 48
Aw S S leg Ig are knit t caric

The quasi topological theory S has features
similar to Kodaira Spencer gravity Bcov 93
and Donaldson Thomas theory DT 98

Similar theories Rosa atal 12 Costello Ci 15,116,49

Costello Williams 21



g E r t oEnd t g x din
p p T

hermitian bundle complex structure deformations

f E 11 2
x K E NCE x

Bismut86 Gualtieri 10 delaOssa Soames 14 McCoist Soares 21

D son Q rant a

52 0

52 0 22 0

tame
Note Quadratic order 85 0 3 By 0



modulo infinitesimal symmetries g E H Q

infinitesimal moduli of Hall strominger
system Anderson atal 14 delaossa Soames 14

Garcia Fernandez 15 Ashmore etat 19
McCoist Soares 21

Actually 85 0 5 0

are the F term constraints for BPS solutions

Saemann
Maurer Cartan equation for an L algebra

Ashmore etat 18



Iitloannartitiontition
Standard methods BU quantisation gives

Zion É
Note There are anomalies associated with the

phase of Z Cancelled by adding appropriate
counter terms to action

Also Defining ICQ I ro requires a choice
of metrics H and g on Q and X

my metric anomalies

similar to Wilton's frame anomaly for Cs theory Witten 897



Note also
Z JDCfields e

s

This integral is over all of parameter and
moduli space

Z is a topological invariant of the
associated geometry

Heterotic Holomorphic coacant string algebooid
Garcia Fernandez 13 Coimbra etat 14
Garcia Fernandez efal 18

In particular Dependence of Zi coop on geometric
structure says something about higher loop orders

my Heterotic holomorphic anomaly



IsMetricanonal cametoic and w wot Od

From now Assam e X Wto Calabi Yaa

Bismatetal 88 holomorphic bundle E X

243 log ICE Syftdzglirottgisgo calf life th
ish

where F is the curvature of the Chava
connection given by the metric h on E

Under a variation of the metrics on X and V are get

Sloga ISyay



Py 449 160Ch x Chick 1200ha x 168Chuck

Iz Chalk ChaCEndv Cha End t 0121.4

where Adjoint trace

Chulx t to if Chaleur t É
This polynomial can be factorised if we

restrict to bundles where

Chy Endo x ChaCEadCu

Toad for 5018 SAC exceptional groups



Note To avoid requiring Che X cha V 0

we also need

6 61 62 End U End Vi 0 End Va

iii
Py f ch x c x

e
similar to Euler anomaly
of Kodaira Spencer
BCOV 93 Pestan Witten 105

i ii

Sy Chalk A Chalk t af Chalk Az chalk

Iii cancelled by multiplying 171 by appropriate
Volume factor Restan Witten 05



i ii May be cancelled if

Chalk A a CUP Chalk A Chanel

by adding strictly bacground dependent
counter terms

Similar to Wiltons gravitational Chern Simons team
to cancel frame anomaly in CS theory Witten 893

Note Only for 6 50081 5018 and 6 SUB Eg
can are also satisfy the lod constraint

cheCX che V Bianco identity



Iiconclasionloutted
We have computed the 1 loop partition of hatarotic
superpotential and studied its topologicalproperties

Outlooks
Truly non Kahler How does ICE deform

Other dimensions Anomalies for a similar theory
in 100 give constraints Margas Ibarra

ur U 496 and CHEX Chaco
16 50132 Eg XEg
Beyond one loop

heterotic holomorphic anomaly



Higher loop Invariants

Non perturbative invariants knot invariants

world sheet instantons NSS branes

Relations to would sheet models Chiral dedham
complex Lia shaw and vertex operator algebras
applied to heterotic with applications to 10,2 minor

symmetry Wilton 92 Witten 05 Kapustin 05 Malairoo

Sharpe'll Malai roo etat 42 Gorbounoretal 16 delaOssa
Fisef 18 Alvarez Consul etat 20,123

Hints of world sheet Target space duality
Pastun Witten 05

Zi crop IB Zi loop Generalised Hitchin functional



Costello Williams 21

Algebra of symmetries of
heterotic p g system certain type I

chiral dedham
comped

Algebra of a

Yodaira
spencer

gravitational
theory

Other potentials N l haterofic comes with
a Kahler potential K Candelas etat 16,118 Mcorist
Sisco 19 Garcia Fernandez etat 20

Type I Large volume Z
cop IA Zi coom IB

It is interesting to speculate about relations
between Z W and Z It Connect to 192 micron

symmetry In particular W is holomorphic
and so perturbatioaly protected



thank You



Gaugeanomalies

This talk Ignore gravitational anomalies

From now 5 5

S fylmajxattodt.nl Jar tf 56 x

The phase of Z has a gauge transformation

Slog Z x if Farney rerocendlul
Adjoint trace

Focus on handles where Tu TY a tatty



Slog Z hits F frfr

Fix by adding counter farm to classical action

Sc ifltrelax
and demand Sgx a litre

However the classical theory x is not

invariant under

BUT Classical action is invariant modulo EOM's

Theory is gauge invariant modulo Oct



Toy Model Chera Simons

ScsCA fu tu Ada e 313

A E n g dim Ms 3

EOM FCA d Aot An A 0

1 loop Action A Ao t L LEN Enda

S a fu Ido 2 do d Ao



Partition function

2 Ms Gg Spa e
Sca

No metric 7 Topological invariant of Ms

SCL has gauge symmetry L Lt doe

Quantise using BU BRST formalism

OR Physical Approach e q Pestan Witten 05

Often sufficient for quadratic actions



Finite dimensional case

Sig symmetric pos definite matrix

Sde dez den Exp Ey ti Sir't Egg
Generalisation to field theory
Choose metric go on Mz

Hodge decomposition I doro to dote

we ignore finite dimensional space of harmonic forms

Z Ico Syed f Le dire Da exo C Sca



i
Goal Waite answer in terms of determinants

of elliptic operators Laplacian whose
determinants can be regularised

Denominator dot do dots odor

We define

dat dold.tn det dodoldotr2J
Note

detldidola.tn
dett

gggg ddro



aetg.fi

Consider eigenvector doh of dodot on doro

dadot dot I do 2

I do is invertible on Im dot

54 as



A dot d dot doro dat Ao

dat dido
atra ÉÉÉf

Numerator Vol doro

Recall Given Linear operator A U 2W

Volcan data
fggteca



vacant.EE mi EEIEI a

Vol doro dat 19 Vol ro

T
Volume of gauge transformations

Collect

Zemo go.gg It voters



I Regularise

Zeus Ift
Tat't

This is the Ray Singer torsion of Ms


