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Classical non-local game values

Notation: X a finite set ~ Mx all |X]| x |X| complex matrices; €, ,» matrix units.

Dx all diagonal | X]| x |X| complex matrices.
Finite sets X, A, Y, B will be fixed throughout. Abbreviate XY = X x Y.

Recall: p = (p(a, b|x, y)) no-signalling correlation if Equivalently: Classical channels
3 well-defined marginals: : Dxy — Dag with well-def.

p(alx) = Zp a, blx,y"), p(bly) = Zp(a, bix',y) Tx_a:Dx—Da, Ty 5:Dy—Dsg
beB acA
A correlation p = (p(a, b|x, y)) is called
@ local if a convex combination of product correlations p1(a|x)p2(bly);

@ quantum if
d p(a, blx,y) = (B ® Fy0)E.€),
where (Ex.a)aca, (Fy,b)beg fin. dim. POVM’s. Notation: Cq.
@ quantum commuting if p(a, b|x,y) = (Ex.aFy»€,&). Notation: Cyc.

[ Strict inclusions: Cioc CCq C Cq C Cqc C Cns ]
If G = (XY,AB, A, 1) non-local game (u a p.d. on XY, X the rule function) ~~
w¢(G) = sup Z (a, b|x, ¥)A(x,y, a, b).
pEC x,y,a,b
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Quantum versions of non-local games

Now: Pairs of inputs and outputs are quantum instead of classical.

@ Rank 1 quantum games (Cooney-Junge-Palazuelos-Pérez-Garcia 2015).
¢ € C*F unit vector, P € B(C*#F) rank one projection.
The probability distribution is incorporated in &, the rules in P.
Strategies (not necessarily no-signalling) transform XY to AB.
@ XOR quantum games (Regev-Vidick 2015).

M = M* € Mxx representing the rules and the probability distribution.
Strategies: POVM's {P,] — P} on C*?, {Q,] — Q} on CX®' n e CFF unit.
~ quantum value supp o , Tr((P ® Q)(M ® 1m*).

@ Quantum graph homom. (T-Turowska 2020, Brannan-Harris-T-Turowska 2023)
Quantum graphs <> proj. P € Mxx, Q € Maa.
Rules: supp(wquest) < P = supp(wans) < Q.
Strategies: same as above + quantum commuting no-signalling.

@ More generally (T-Turowska 2020): rules ¢ : Pxy — Pag, p.d. u over Pxy.

(Px pure states on CX, P4 projections on C#)  Leung-Toner-Watrous, 2013
Note: Finite implication games are finite rank quantum games:
pi = @(pi), i=1,....k ~ pi=¢&¢&,
~ &= VP ® e € CX@C*and P =31 o(p) @ €i,i.
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Probabilistic quantum hypergraphs

Note: Rules A <+ subset E C XY x AB
> hypergraph on AB with edges E,, = {(a, b) : A(x,y, a, b) = 1}.
Simplify: E C X x A + hypergraph on A with edges Ex = {a: (x,a) € E}.
< map ¢ : e x — span{e,, : a € Ec}
Quantise: A probabilistic quantum hypergraph: (¢, 1); ¢ : Px — Pa and p p.d. on Px.

The finite rank viewpoint: (&, P), where £ € C*® and P € Par.

A collection Q of quantum channels [ : Mx — Ma ~~
® wo(§, P) =supreo Tr((M ®idr)(££7)P);
® wo(p, k) = supreg [p, Tr(F(p)e(p))du(p).

Note: I': Mx — My channel < T, : Ma — Mx u.c.p map
Add coefficients: Ty : Ma — Mx ® B(H) u.c.p map

~> Choi matrix E = (E; 4 )a2 = (Exx'a,2 )xx',a,2 Stochastic operator matrix,
ie. E € /\ﬂ)(A(B(H))+ with TI‘A(E) = Ix ® Iy.

Observe: Stinespring’s Theorem ~- factorisation Ey ./ 5 - = U] Uy, where
U = (Us x)a,x block operator isometry.

Therefore: Collection Q of channels «— collection R of block operator isometries.
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Resources and operator space structures

Ternary Ring of Operators Vx,a = [Uax : (Ua,x)a,x universal block operator isometry].
Meaning: Ternary mor. 6 : Vx a4 — B(H, K) <— isometries (Ui x)ax via 0(uas,x) = Uax.
Recall: U a TRO ~ Ly = [UU™] and Ry = [UU™] (U Morita imprimitivity £, Rys-bimodule.)
~ Cx,a = Rvy ,, C*-algebra, universal for stochastic operator matrices.

~» Tx,a =span{e, . o = U Uy x }, Operator system, universal for stochastic
operator matrices.

Operator isometry U = (Ua,x)ax, Uax € B(H, K) and state o on H
> Tuo(exx) =22, 0 0(Usx Uy x)€aar ~ Suo(€xx,a0) =0(Us < Ux ) state on Tx,a.
Define a resource over (X, A): collection R = {(Ua,x)a,x : isometry} s.t.

@ R closed under direct sums;

@ the family {su,,} is separating.
Note: Resource R ~» QC(R) = {ly,, : U € R, o state}, collection of channels.
Note: Ox,a:=span{uax: x € X,a € A} ~.. Sf’x =i B(CX,(CA)*.
Define: u € Ma(Ox,a) ~ ull = supyer 165 (u)l-
Notice: (]| - Hsg))neN an operator space structure OF 4, on Ox,a, for which

id: Ox,a — (’)QA is completely contractive.
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The R-value of a probabilistic quantum hypergraph
Abberviate: For a resource R over (X, A), write
® wr(&, P) = supreqer) Tr((M @ idgr)(£€7)P)
® wr(p, 1) = sUPreqc(r) Jp, TH(T(P)2(P))d1(p).
(Px, ¢, 1) a probabilistic quantum hypergraph ~
@ Px > p=¢&(p)é(p)”", where £ : Px — CX is Borel:
@ Pa3q=>,cam(9)n:(q)", where n, : Px — CX are Borel;
© &(7ow) i (p,a) — &(P)(7a 0 w(p))"; Px x A — B(C",C¥).
A “fuzzy” game: € € CR, P € B(C*)!, |IP| < 1.~ P =300 Mevivi, 0 < M <1

@ Let My = VMTrr(£5;); then wr (&, P) = M1l 10 )

@ wr(p,p) = I€(70 ‘P)*||L2(px><A,ﬁ)®ho)7}A-

(2 ampliation of p by the counting measure on A.)

Fix U € R acting from H, and let o a state on H; write £ = 3°, cx ex ® éx and vp = -, cp € @ Vn,a
~ Tr((Fy,o ® id g)(EE)P) =

T2 T o, A0 (U3 Uyt ) (Vg a5 650 ) (6 Yn,a) = 3221 @ (80 (Mn) ™ 0u(Mn)).
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QNS correlation types
Now: Back to having X, Y, A, B (bipartite systems).
Quantum no-signalling (QNS) correlations Ons: quantum channels I : Mxy — Mag s.t.

@ pe Mxy, Trxp=0 = Tral(p) =0;
@ pE Mxy, Tryp=0 = Trsl(p) =0. (Duan-Winter, 2016)
Local QNS correlations Qjoc: @ : Mx — Ma, V: My — Mg
~» [ = ®® W and their convex combinations (i.e. LOSR).
Def: E = (Exx,5,22) € Mxa®B(H) stochastic operator matrix if TraE =Ix® Iy
(ie. Yoea Exxr o = 0xl,  x,x" € X)
Note: {(Ex,a)aca : x € X} POVM's ~» E = nya €xx @ €22 ® Ex 5.
A QNS correlation I : Mxy — Mag is called
@ quantum (Qq) if M(exx @€y, ) =37, 1 b o {(Exxra,0 @ Fyyr b1 )E € €a,0r @ €bpr s
with E and F are fin. dim. acting stochastic operator matrices;
@ quantum commuting (Qqc) when E, 5 o ® F, 7 b is replaced by

Ei 2,2 Fy,y b,pr, acting on the same Hilb. space, mutually commuting.
(T-Turowska, 2020)

[ Strict inclusions: Oloc C Qq C Qg C Qqec C Onis. ]
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The quantum resource

Next: Apply the hypergraph setup to the bipartite context ~~ values of quantum games
(&, P), where ¢ € C*YF and P a projection in B(C*EF),
or (¢, p), where @ : Pxy — Pag and p prob. measure on Pxy.
Abberviate: wy := wg, ~ loc, q, gs and ns value of a game.
~ Four type of resources R: local, quantum, quantum commuting and no-signalling.
For each one, need to specify a family of isometries W : CX¥ ® H » C*® @ K.

Recall: (&,P) ~ P =332, wvi ~ My = Trr(£7;) ~ column operator M = [M]32;.
= For each chosen resource R we have wr (¢, P) = HMHOZ?Y,AB'
Thus: For each resource R, we need to
@ link R to one of the QNS correlation types Q;, and
@ identify the operator space structure OQY’AB.
The quantum resource (revisited! — recall Cooney-Junge-Palazuelos-Pérez-Garcia)
Re={URV : U:C*®@Hx - C*"@Ka,V:C"®@Hy - C®®Kg}
(Hx and Hy finite dimensional).
Straightforward: QC(Rq) = Qq
However: SIA’X min SIB’Y C Vx,A @min Vv, = O?&,AB = Sf’x Smin Sf’y-

—> the formulas of Cooney-Junge-Palazuelos-Pérez-Garcia.
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The quantum commuting resource

Say that: two families £ C B(K, L) and F C B(H, K) semi-commute if

E*E and FF* commute in B(K) (H k-5 L)

Further say: the block operator matrices U = (U, x)ax and V = (Vi)
semi-commute if the families {U. x}ax and {V} , }b,, semi-commute.

Define: Rge = {(Uax Vbﬁ}’)ab,xy
Note: Rqc a resource over (X X Y, A x B) as (Uax Vb,y)

U= (Usx)ax, V = (Uby)p,, semi-commuting isom.}.
= U3V

ab,xy

We have that QC(Ryc) = Qqe-

What is needed? I' € Qqc > Choi matrices ((Ex 2.2 Fy .y b€, €)), Where
(Ex,x',a,a) and (F, s b ) mutually comm. stochastic op. matrices.

But: Ex,x’ aal = U:XUa/ ! and Fy,y’,b,b’ = V;yvb/J/, with (Ua,x)a,x, (Vb,y)b,y isom..
Hence for Qqc € QC(Rqc) wish:

(Ui U s Vi Vi 1€, €) = (Ut st Vi 0 &, Un Vb €) = (Vi U U o Vi €, €).

For QC(Rqc) € Oqe need: To reverse the last line.
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TRO's and semi-commutation

Notation: Y TRO ~ Ly = [UU™] (left) and Ry = [U™U] (right) C*-algebra.
Note: Ry =U* @4 U and Ly = U @1 U
¢ : U — B(H, K) ternary morphism ~ 75 : Ry — B(H) and 75 : Lo — B(K), with
ﬂ'g(uf ® ) = ¢(u1)" d(u2) and Wé(ul ® uz) = d(u1)p(w)”
Lo U N |y - ~ u w5 () o(u)
Dy = ( Y Ru) linking alg. ~» 7 : Dy = B(H®K) s.t. g (( L 4)) = ¢(¢V)* wﬁ(r))

By
Terminology: U, V TRO’s ~» ¢ : U — B(K, L) and ¢ : V — B(H, K) semi-commuting

if #(U) and (V) semi-commuting. H PO o)

¢:U— B(K,L)and ¢ : V — B(H, K) semi-commuting ternary morphisms, 1 left
non-degenerate. Then 3 *-homomorphism p : Ryw) — Ry S-t-

p(B)Y(v)" = ¢(v)'b, b€ Ryw), vEV:

be Ry ~ b: iy ¥(vi) &k = Tiog b(vie)*bék, vk € V, & € K, k € [n].
[Wfl)(v/v,f )]Z,I:l € Mp(B(K))" and semi-comm. => b € B(H) ~ set p(b) = b.

Semi-commutation = p *-preserving; the rest follow from the def..
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A TRO tensor product
U and V TRO's ~~ ternary product on U ® V,
(1 @v) (2 @ v2)" (U3 ® v3) i= w13 U3 @ V1 V3 Vs,
0:URY — B(H, K) ternary morphism} ~ U Qmax V.

> || W[ max = sup{[|6(w)]|
Theorem ~ an identification of || - ||&

-qc *

0:U®Y — B(H, L) is a ternary morphism iff 3 a Hilbert space K and semi-commuting

ternary morphisms ¢ : U — B(K, L) and ¢ : V — B(H, K), s.t. 0 = ¢ - .
(¢ - ) (u ® v) = p(u)ip(v))

¢:U — B(K,L)and ¢ : V — B(H, K) be semi-commuting =

Bluruy us)p(vivyva) = d(un)mh (u3 us)ml, (vivy )b(va) = b(un)mh, (vivy )l (u3 us)(vs)
(¢ ) ® vi)(¢ - )2 ® v2)" (¢ - 9)(us ® v3).
Conversely: Let 6 : Y ® V — B(H, L) ternary morphism ~~ 7rg Ry ® Ry — B(H),
ﬂg(u* v @vV)=0u®v)* o ®Vv') ~ ﬂg = ﬂl’f{ X 7!'5 for commuting rep. of Ry and Ry,.
Equip ¥V @ H with (v; ® €1, vz ® &) = (m (v v1)€1, &) ~ Hilbert space V @y, H.
Define ¢ : V — B(H, V ®y H) by $(V)& = v ®y & = nf = 7 and 7l (a)(v ©y §) = av ®y €, a € Ly
For b € Ry, define 73 (b) € B(V ®y, H) by 5 (b)(v ® &) = v @ mfy(b)é = 78 : Ryy — B(V ®y» H) *-hom.
Define ¢ : U — B(V @y H,U @y (V @y H)) by

D)V ®y €) =u@y (vOy £), uEU,VEV,EEH ~ 5 =7y

Then wg(’l{u) commutes with -rrfp(llv) in B(V ®y H), i.e. ¢ and v semi-commute.

Further, ($(u1)(v1)é1, p(u2)p(v2)€2) = (O(u1 @ vi)€1, O(u2 @ v2)&2)
= W:U®y (VyH)> E:'(:l u; Qu vi @y & — Zf-‘zl 0(u; ® v;)€; € L isometry and 6 = (W o ¢) - 1.

e ,,,—,—,—,————————————GFIIMIAT A TA Iii—Y—T—™®M _—_— — ——
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The tmax-tensor product
Terminology: Ternary morphisms ¢ : U — B(H) and ¢ : V — B(H) are commuting if
P(u)p(v) = 1p(v)d(u) and G(u)p(v)” = o(v) ¢(u), uel,veV.

Set: ||w||emax = sup {||(¢ - ¥)(W)|| : ¢, commuting pair} ~> U @¢max V  Kaur-Ruan, 2002

Note: U @tmax V Ce.i. Du @max Dy, and H . Htmax < H . ||max-

|| . ”max = || . ||tmax on U ® V, ie. U Rtmax v=Uu R max V.

~

First note Ryy ®max Ry € Dy ®max Dy, because of u.c.p. maps Ryy — Dyy — Ry

Let ¢ : U — B(K, L) and ¢ : V — B(H, K) semi-commuting ternary morphisms

= 3 *-homom. p : Ry — Rip(\)) C B(H) s. t. p(b)y(v)* = (v)*b, for b € Ry, v € V.

= if b € Ry and v, v2 € V then p(b)7k (v va) = p(b)¥(v1)* ¥(v2) = & (v v2)p(b)

i.e. po ‘rrg : Ry — B(H) and 71'5) : Ry — B(H) commuting. Now for w = 37, 4, @ v € U @ V:

166 - LYW = I 7y ()" $u)* D)1/ = 11 7 1y o) (i) () |2

SN jma 6w @il s | Shims 07 i @V Vil B b, = 1| T 6@Vl Dy @max Dy -

= [[Wllmax < [|wlltmax-

Back to gc-values: Define SlA’X & max SlB’Y C Vx4 Qtmax Vv,B

= S Dmax SEY = O?\?,LAB = formula for wqc(&, P) or wqc(p, p)-
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The local resource
Define: Rioe = {U® V : U € B(CXC™*), V € B(C",C®T) isom., S, T finite sets})
Observe: QC(Rioe) = Qloc-

Elements of Qj,.: conv. comb. of ® ® W, where ®, ¥ quantum channels.
Write ®(w) = 3,5 ViwV;" and W(w) = YjeT ijWj* in Kraus dec. ~ V = [Vi]jcs and W = [W]jeT.

Junge-Kubicki-Palazuelos-Pérez-Garcia, 2021: X and Y op. sp.,, ¢ : X = Y ~»

|¢llw,co =sup{||Bodoalls,e) :a:Row—X,8:Y — Csx completely contr.};

~ 8P (X, V) weak-cb Hilbert-Schmidt op. ~» op. space by amplifying (5 o (4, )0 a).
In tensor terms: finite dimensional X and Y ~» X Qucb YV = S;”Cb()(,y)

Ry _ QAKX B,Y
We have Oyy%55 = 817" Qw,eb Sy -

U € B(CAC™), V € B(CYCET) w (0 ® 0n)(w) = Tocs Trer(Ve ® Wi, w)es ® e
Set a€) = o5 (€, es) Ve and B(p) = e 7(p We)er to see [[(0y ® Ow)(w)ll = (180w o a2,

For the reverse, a c.c. @ : Rog — B(CX, (CA) gives only [V;]2%: D75 Vi V; < Ix ~ add some extra terms.

£€* on C*¥ and yv* on C*8 ~» 3 LOSR T such that T(£€*) = v7v* < [|EY"||w.eb = 1.
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The no-signalling resource and inequalities

K a Hilbert space, £ = {nx,y,a,b}x,y,a6 € K ~ Gy =D .cadben € @ € @ Mxy,ab-
& no-signalling if 3 PVM's {Px}xex on C*® K, and {@Q,},cy on CB® K sit.

Gy €Eran(Px @ Ig) Nran(Q, @ 1) CC*¥ @ K, xe€X,ye Y.

& no-signalling family ~ Ug : CXY - C*8 @ K, Us(ex®e) =Cey xEX, y €Y.
Define: Rus = ({Us : € no-signalling family}).

Proposition

We have that QC(Runs) = Ons-

Proposition

We have wqc(&, P) < wn(é, P).

One-way communication value, Cooney-Junge—Palazuelos-Pérez-Garcia.

For U ®y, V, one takes all c.c. ternary morphisms, while for U ®¢max V only the commuting ones.
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Classical-to-quantum values

Classical-to-quantum correlation types CQ; T-Turowska, 2020

E :Dxy = Map ~ states oy, = E(exx R €y,y).
No-signalling: Traox,y = Traow,, and Trgox,, = Trao,
Other types: e.g. quantum commuting via E ;2 Fy by = Fy bp Ex a4 -
Universal objects: C*-alg. Bx,a = Ma #1 -+ - 1 Ma (IX| times) and op.sys. Rx,a C Bx,a.

~~ similar descriptions in terms of states on Bx a ®max By s etc.

Classical Classical-to-quantum Quantum
N:ny—)DAB 5:ny—>MAB [ Mxy — Mag
Axa= C"(exa) Bx.a= C"(ea,) Cx,a = C(exx'aa)
POVM's (Esa)aca | Ex € My with TraE, =1 | E = (E; v .. ) stochastic

Classical-to-quantum game: ¢ : €x,x ® €,y — (€xx @ €y,y), with p. d. mon X x Y
~ wi(p, ) = SUPreco, erx Zyey (X, V) Tr(M(€x,x @ €y, )0(exx @ €y,y))
Set: G = D ovex ZyEY (X, ¥ )ix,y(P(exx ® €y.y)).

@ wy(p,m) = ”GHK}((MA)@mine%((MB) = ||G||RX,A®minRY,B;

Q wac(p,m) = ”G”RX,A@cRY,B = ||G||BX,A®maxBY,B‘
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THANK YOU VERY MUCH
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