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Classical non-local game values
Notation: X a finite set  MX all |X | × |X | complex matrices; εx,x′ matrix units.

DX all diagonal |X | × |X | complex matrices.

Finite sets X , A, Y , B will be fixed throughout. Abbreviate XY = X × Y .

Recall: p = (p(a, b|x , y)) no-signalling correlation if
∃ well-defined marginals:

p(a|x) =
∑
b∈B

p(a, b|x , y ′), p(b|y) =
∑
a∈A

p(a, b|x ′, y)

Equivalently: Classical channels
Γ : DXY → DAB with well-def.

ΓX→A :DX→DA, ΓY→B :DY→DB

A correlation p = (p(a, b|x , y)) is called

local if a convex combination of product correlations p1(a|x)p2(b|y);

quantum if
p(a, b|x , y) = 〈(Ex,a ⊗ Fy,b)ξ, ξ〉,

where (Ex,a)a∈A, (Fy,b)b∈B fin. dim. POVM’s. Notation: Cq.

quantum commuting if p(a, b|x , y) = 〈Ex,aFy,bξ, ξ〉. Notation: Cqc.

Strict inclusions: Cloc ⊂ Cq ⊂ Cq ⊂ Cqc ⊂ Cns

If G = (XY ,AB, λ, µ) non-local game (µ a p.d. on XY , λ the rule function)  

ωt(G) = sup
p∈Ct

∑
x,y,a,b

µ(x , y)p(a, b|x , y)λ(x , y , a, b).
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Quantum versions of non-local games
Now: Pairs of inputs and outputs are quantum instead of classical.

Rank 1 quantum games (Cooney-Junge-Palazuelos-Pérez-Garćıa 2015).

ξ ∈ CXYR unit vector, P ∈ B(CABR) rank one projection.

The probability distribution is incorporated in ξ, the rules in P.

Strategies (not necessarily no-signalling) transform XY to AB.

XOR quantum games (Regev-Vidick 2015).

M = M∗ ∈ MXX representing the rules and the probability distribution.

Strategies: POVM’s {P, I − P} on CXR , {Q, I − Q} on CXR′ , η ∈ CRR′ unit.

 quantum value supP,Q,η Tr((P ⊗ Q)(M ⊗ ηη∗).

Quantum graph homom. (T-Turowska 2020, Brannan-Harris-T-Turowska 2023)

Quantum graphs ↔ proj. P ∈ MXX , Q ∈ MAA.

Rules: supp(ωquest) ≤ P ⇒ supp(ωans) ≤ Q.

Strategies: same as above + quantum commuting no-signalling.

More generally (T-Turowska 2020): rules ϕ : PXY → PAB , p.d. µ over PXY .
(PX pure states on CX , PA projections on CA) Leung-Toner-Watrous, 2013

Note: Finite implication games are finite rank quantum games:
pi → ϕ(pi ), i = 1, . . . , k  pi = ξiξ

∗
i ,

 ξ =
∑k

i=1

√
µ(pi )ξi ⊗ ei ∈ CX ⊗ Ck and P =

∑k
i=1 ϕ(pi )⊗ εi,i .
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Probabilistic quantum hypergraphs
Note: Rules λ ↔ subset E ⊆ XY × AB

↔ hypergraph on AB with edges Ex,y = {(a, b) : λ(x , y , a, b) = 1}.
Simplify: E ⊆ X × A ↔ hypergraph on A with edges Ex = {a : (x , a) ∈ E}.

↔ map ϕ : εx,x → span{εa,a : a ∈ Ex}
Quantise: A probabilistic quantum hypergraph: (ϕ, µ); ϕ : PX → PA and µ p.d. on PX .

The finite rank viewpoint: (ξ,P), where ξ ∈ CXR and P ∈ PAR .

A collection Q of quantum channels Γ : MX → MA  

ωQ(ξ,P) = supΓ∈Q Tr((Γ⊗ idR)(ξξ∗)P);

ωQ(ϕ, µ) = supΓ∈Q
∫
PX

Tr(Γ(p)ϕ(p))dµ(p).

Note: Γ : MX → MA channel ⇔ Γ∗ : MA → MX u.c.p map

Add coefficients: Γ∗ : MA → MX ⊗ B(H) u.c.p map

 Choi matrix E = (Ea,a′)a,a′ = (Ex,x′a,a′)x,x′,a,a′ stochastic operator matrix,

i.e. E ∈ MXA(B(H))+ with TrA(E) = IX ⊗ IH .

Observe: Stinespring’s Theorem  factorisation Ex,x′,a,a′ = U∗a,xUa′,x′ , where
U = (Ua,x)a,x block operator isometry.

Therefore: Collection Q of channels ←→ collection R of block operator isometries.
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Resources and operator space structures

Ternary Ring of Operators VX ,A = [ua,x : (ua,x)a,x universal block operator isometry].

Meaning: Ternary mor. θ : VX ,A → B(H,K) ←→ isometries (Ua,x)a,x via θ(ua,x) = Ua,x .

Recall: U a TRO  LU = [UU∗] and RU = [UU∗] (U Morita imprimitivity LU ,RU -bimodule.)

 CX ,A = RVX,A , C*-algebra, universal for stochastic operator matrices.

 TX ,A = span{ex,x′,a,a′ := u∗a,xua′,x′}, operator system, universal for stochastic
operator matrices.

Operator isometry U = (Ua,x)a,x , Ua,x ∈ B(H,K) and state σ on H

 ΓU,σ(εx,x′) =
∑

a,a′ σ(U∗a,xUa′,x′)εa,a′  sU,σ(ex,x′,a,a′) =σ(U∗a,xUa′,x′) state on TX ,A.

Define a resource over (X ,A): collection R = {(Ua,x)a,x : isometry} s.t.

R closed under direct sums;

the family {sU,σ} is separating.

Note: Resource R  QC(R) = {ΓU,σ : U ∈ R, σ state}, collection of channels.

Note: OX ,A := span{ua,x : x ∈ X , a ∈ A} 'c.i. SA,X
1 ≡c.i. B(CX ,CA)∗.

Define: u ∈ Mn(OX ,A)  ‖u‖(n)
R = supU∈R ‖θ

(n)
U (u)‖.

Notice: (‖ · ‖(n)
R )n∈N an operator space structure ORX ,A on OX ,A, for which

id : OX ,A → ORX ,A is completely contractive.
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The R-value of a probabilistic quantum hypergraph
Abberviate: For a resource R over (X ,A), write

ωR(ξ,P) = supΓ∈QC(R) Tr((Γ⊗ idR)(ξξ∗)P)

ωR(ϕ, µ) = supΓ∈QC(R)

∫
PX

Tr(Γ(p)ϕ(p))dµ(p).

(PX , ϕ, µ) a probabilistic quantum hypergraph  

PX 3 p = ξ(p)ξ(p)∗, where ξ : PX → CX is Borel;

PA 3 q =
∑

a∈A ηa(q)ηa(q)∗, where ηa : PX → CX are Borel;

ξ(η̄ ◦ ϕ)∗ : (p, a)→ ξ̄(p)(η̄a ◦ ϕ(p))∗; PX × A→ B(CA,CX ).

A “fuzzy” game: ξ ∈ CXR , P ∈ B(CXR)+, ‖P‖ ≤ 1.  P =
∑∞

k=1 λkγkγ
∗
k , 0 < λk ≤ 1.

Theorem

Let Mk =
√
λkTrR(ξ̄γ̄∗k ); then ωR(ξ,P) = ‖[Mk ]∞k=1‖M∞,1(OR

X,A
);

ωR(ϕ, µ) = ‖ξ(η̄ ◦ ϕ)∗‖L2(PX×A,µ̃)⊗hORX,A
. (µ̃ ampliation of µ by the counting measure on A.)

Fix U ∈ R acting from H, and let σ a state on H; write ξ =
∑

x∈X ex ⊗ ξx and γn =
∑

a∈A ea ⊗ γn,a
 Tr

(
(ΓU,σ ⊗ id R )(ξξ∗)P

)
=∑∞

n=1

∑
x,x′,a,a′ λnσ(U∗a,xUa′,x′ )〈γn,a′ , ξx′ 〉〈ξx , γn,a〉 =

∑∞
n=1 σ

(
θU (Mn)∗θU (Mn)

)
.
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QNS correlation types
Now: Back to having X , Y , A, B (bipartite systems).

Quantum no-signalling (QNS) correlations Qns: quantum channels Γ : MXY → MAB s.t.

ρ ∈ MXY , TrXρ = 0 =⇒ TrAΓ(ρ) = 0;

ρ ∈ MXY , TrY ρ = 0 =⇒ TrBΓ(ρ) = 0. (Duan-Winter, 2016)

Local QNS correlations Qloc: Φ : MX → MA, Ψ : MY → MB

 Γ = Φ⊗Ψ and their convex combinations (i.e. LOSR).

Def: E = (Ex,x′,a,a′) ∈ MXA⊗B(H) stochastic operator matrix if TrAE = IX⊗IH
(i.e.

∑
a∈A Ex,x′,a,a′ = δx,x′ IH , x , x ′ ∈ X )

Note: {(Ex,a)a∈A : x ∈ X} POVM’s  E =
∑

x,a εx,x ⊗ εa,a ⊗ Ex,a.

A QNS correlation Γ : MXY → MAB is called

quantum (Qq) if Γ(εx,x′ ⊗ εy,y′) =
∑

a,a′,b,b′〈(Ex,x′,a,a′ ⊗ Fy,y′,b,b′)ξ, ξ〉εa,a′ ⊗ εb,b′ ,
with E and F are fin. dim. acting stochastic operator matrices;

quantum commuting (Qqc) when Ex,x′,a,a′ ⊗ Fy,y′,b,b′ is replaced by

Ex,x′,a,a′Fy,y′,b,b′ , acting on the same Hilb. space, mutually commuting.
(T-Turowska, 2020)

Strict inclusions: Qloc ⊂ Qq ⊂ Qq ⊂ Qqc ⊂ Qns.
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The quantum resource
Next: Apply the hypergraph setup to the bipartite context  values of quantum games

(ξ,P), where ξ ∈ CXYR and P a projection in B(CABR),

or (ϕ, µ), where ϕ : PXY → PAB and µ prob. measure on PXY .

Abberviate: ωt := ωQt  loc, q, qs and ns value of a game.

 Four type of resources R: local, quantum, quantum commuting and no-signalling.

For each one, need to specify a family of isometries W : CXY ⊗ H → CAB ⊗ K .

Recall: (ξ,P)  P =
∑∞

k=1 γkγ
∗
k  Mk = TrR(ξ̄γ̄∗k )  column operator M = [Mk ]∞k=1.

⇒ For each chosen resource R we have ωR(ξ,P) = ‖M‖OR
XY ,AB

.

Thus: For each resource R, we need to

link R to one of the QNS correlation types Qt, and

identify the operator space structure ORXY ,AB .

The quantum resource (revisited! – recall Cooney-Junge-Palazuelos-Pérez-Garćıa)

Rq = {U ⊗ V : U : CX ⊗ HX → CA ⊗ KA,V : CY ⊗ HY → CB ⊗ KB}
(HX and HY finite dimensional).

Straightforward: QC(Rq) = Qq

However: SA,X
1 ⊗min SB,Y

1 ⊆ VX ,A ⊗min VY ,B =⇒ ORq

XY ,AB = SA,X
1 ⊗min SB,Y

1 .

=⇒ the formulas of Cooney-Junge-Palazuelos-Pérez-Garćıa.
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The quantum commuting resource

Say that: two families E ⊆ B(K , L) and F ⊆ B(H,K) semi-commute if

E∗E and FF∗ commute in B(K) (H
F−→ K

E−→ L)

Further say: the block operator matrices U = (Ua,x)a,x and V = (Vb,y )b,y
semi-commute if the families {Ua,x}a,x and {Vb,y}b,y semi-commute.

Define: Rqc = {(Ua,xVb,y )ab,xy : U = (Ua,x)a,x ,V = (Ub,y )b,y semi-commuting isom.}.
Note: Rqc a resource over (X × Y ,A× B) as (Ua,xVb,y )ab,xy = U1,3V2,3

Theorem

We have that QC(Rqc) = Qqc.

What is needed? Γ ∈ Qqc ↔ Choi matrices (〈Ex,x′,a,a′Fy,y′,b,b′ξ, ξ〉), where
(Ex,x′,a,a′) and (Fy,y′,b,b′) mutually comm. stochastic op. matrices.

But: Ex,x′,a,a′ = U∗a,xUa′,x′ and Fy,y′,b,b′ = V ∗b,yVb′,y′ , with (Ua,x)a,x , (Vb,y )b,y isom..

Hence for Qqc ⊆ QC(Rqc) wish:

〈U∗a,xUa′,x′V
∗
b,yVb′,y′ξ, ξ〉 = 〈Ũa′,x′ Ṽb′,y′ξ, Ũa,x Ṽb,yξ〉 = 〈Ṽ ∗b,y Ũ∗a,x Ũa′,x′ Ṽb′,y′ξ, ξ〉.

For QC(Rqc) ⊆ Qqc need: To reverse the last line.
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TRO’s and semi-commutation

Notation: U TRO  LU = [UU∗] (left) and RU = [U∗U ] (right) C*-algebra.

Note: RU = U∗ ⊗LUh U and LU = U ⊗RUh U∗.

φ : U → B(H,K) ternary morphism  πR
φ : RU → B(H) and πL

φ : LU → B(K), with

πR
φ(u∗1 ⊗ u2) = φ(u1)∗φ(u2) and πL

φ(u1 ⊗ u∗2 ) = φ(u1)φ(u2)∗

DU =
(
LU U
U∗ RU

)
linking alg.  π̃φ : DU → B(H⊕K) s.t. π̃φ

((
l u
v∗ r

))
=

(
πL
φ(l) φ(u)

φ(v)∗ πR
φ(r)

)
Terminology: U , V TRO’s  φ : U → B(K , L) and ψ : V → B(H,K) semi-commuting

if φ(U) and ψ(V) semi-commuting. H
ψ(V)
−→ K

φ(U)
−→ L

Lemma

φ : U → B(K , L) and ψ : V → B(H,K) semi-commuting ternary morphisms, ψ left
non-degenerate. Then ∃ *-homomorphism ρ : Rφ(U) →R′ψ(V) s.t.

ρ(b)ψ(v)∗ = ψ(v)∗b, b ∈ Rφ(U), v ∈ V.

b ∈ Rφ(U)  b̃ :
∑n

k=1 ψ(vk )∗ξk 7→
∑n

k=1 ψ(vk )∗bξk , vk ∈ V, ξk ∈ K , k ∈ [n].

[πL
ψ(vl v

∗
k )]nk,l=1∈Mn(B(K))+ and semi-comm. =⇒ b̃ ∈ B(H)  set ρ(b) = b̃.

Semi-commutation =⇒ ρ *-preserving; the rest follow from the def..
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A TRO tensor product
U and V TRO’s  ternary product on U ⊗ V,

(u1 ⊗ v1)(u2 ⊗ v2)∗(u3 ⊗ v3) := u1u
∗
2 u3 ⊗ v1v

∗
2 v3.

 ‖w‖max := sup{‖θ(w)‖ : θ : U ⊗V → B(H,K) ternary morphism}  U ⊗max V.
Theorem  an identification of ‖ · ‖Rqc .

θ : U ⊗V → B(H, L) is a ternary morphism iff ∃ a Hilbert space K and semi-commuting
ternary morphisms φ : U → B(K , L) and ψ : V → B(H,K), s.t. θ = φ · ψ.

((φ · ψ)(u ⊗ v) = φ(u)ψ(v))

φ : U → B(K , L) and ψ : V → B(H,K) be semi-commuting⇒

φ(u1u
∗
2 u3)ψ(v1v

∗
2 v3) = φ(u1)πR

φ(u∗2 u3)πL
ψ(v1v

∗
2 )ψ(v3)=φ(u1)πL

ψ(v1v
∗
2 )πR

φ(u∗2 u3)ψ(v3)

= (φ · ψ)(u1 ⊗ v1)(φ · ψ)(u2 ⊗ v2)∗(φ · ψ)(u3 ⊗ v3).

Conversely: Let θ : U ⊗ V → B(H, L) ternary morphism  πR
θ : RU ⊗RV → B(H),

πR
θ (u∗u′ ⊗ v∗v′) = θ(u ⊗ v)∗θ(u′ ⊗ v′)  πR

θ = πR
U × π

R
V for commuting rep. of RU and RV .

Equip V ⊗ H with 〈v1 ⊗ ξ1, v2 ⊗ ξ2〉 = 〈πR
V (v∗2 v1)ξ1, ξ2〉  Hilbert space V ⊗V H.

Define ψ : V → B(H,V ⊗V H) by ψ(v)ξ = v ⊗V ξ ⇒ πR
ψ = πR

V and πL
ψ(a)(v ⊗V ξ) = av ⊗V ξ, a ∈ LV .

For b ∈ RU , define π̃R
U (b) ∈ B(V ⊗V H) by π̃R

U (b)(v ⊗ ξ) = v ⊗ πR
U (b)ξ ⇒ π̃R

U : RU → B(V ⊗V H) *-hom.

Define φ : U → B(V ⊗V H,U ⊗U (V ⊗V H)) by

φ(u)(v ⊗V ξ) = u ⊗U (v ⊗V ξ), u ∈ U, v ∈ V, ξ ∈ H  π
R
φ = π̃

R
U .

Then πR
φ(RU ) commutes with πL

ψ(LV ) in B(V ⊗V H), i.e. φ and ψ semi-commute.

Further, 〈φ(u1)ψ(v1)ξ1, φ(u2)ψ(v2)ξ2〉 = 〈θ(u1 ⊗ v1)ξ1, θ(u2 ⊗ v2)ξ2〉
⇒ W : U ⊗U (V ⊗V H) 3

∑k
i=1 ui ⊗U vi ⊗V ξi 7→

∑k
i=1 θ(ui ⊗ vi )ξi ∈ L isometry and θ = (W ◦ φ) · ψ.
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The tmax-tensor product
Terminology: Ternary morphisms φ : U → B(H) and ψ : V → B(H) are commuting if

φ(u)ψ(v) = ψ(v)φ(u) and φ(u)ψ(v)∗ = ψ(v)∗φ(u), u ∈ U , v ∈ V.
Set: ‖w‖tmax := sup {‖(φ · ψ)(w)‖ : φ, ψ commuting pair}  U ⊗tmax V Kaur-Ruan, 2002

Note: U ⊗tmax V ⊆c.i. DU ⊗max DV , and ‖ · ‖tmax ≤ ‖ · ‖max.

Theorem

‖ · ‖max = ‖ · ‖tmax on U ⊗ V, i.e. U ⊗tmax V = U ⊗max V.

First note RU ⊗max RV ⊆ DU ⊗max DV , because of u.c.p. maps RU → DU → RU .

Let φ : U → B(K , L) and ψ : V → B(H,K) semi-commuting ternary morphisms

⇒ ∃ *-homom. ρ : Rφ(U) → R
′
ψ(V) ⊆ B(H) s. t. ρ(b)ψ(v)∗ = ψ(v)∗b, for b ∈ Rφ(U), v ∈ V.

⇒ if b ∈ Rφ(U) and v1, v2 ∈ V then ρ(b)πR
ψ(v∗1 v2) = ρ(b)ψ(v1)∗ψ(v2) = πR

ψ(v∗1 v2)ρ(b)

i.e. ρ ◦ πR
φ : RU → B(H) and πR

ψ : RV → B(H) commuting. Now for w =
∑n

i=1 ui ⊗ vi ∈ U ⊗ V:

‖(φ · ψ)(w)‖ = ‖
∑n

i,j=1 ψ(vj )
∗φ(uj )

∗φ(ui )ψ(vi )‖1/2 = ‖
∑n

i,j=1 ρ(φ(uj )
∗φ(ui ))ψ(vj )

∗ψ(vi )‖1/2

≤ ‖
∑n

i,j=1 u∗j ui⊗v∗j vi‖
1/2
RU⊗maxRV

= ‖
∑n

i,j=1 u∗j ui⊗v∗j vi‖
1/2
DU⊗maxDV

= ‖
∑n

i=1 ui⊗vi‖DU⊗maxDV .

⇒ ‖w‖max ≤ ‖w‖tmax.

Back to qc-values: Define SA,X
1 ⊗max SB,Y

1 ⊆ VX ,A ⊗tmax VY ,B

⇒ SA,X
1 ⊗max SB,Y

1 = ORqc

XY ,AB ⇒ formula for ωqc(ξ,P) or ωqc(ϕ, µ).
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The local resource
Define: Rloc =

〈
{U ⊗ V : U ∈ B(CX,CAS),V ∈ B(CY,CBT ) isom., S ,T finite sets}

〉
.

Observe: QC(Rloc) = Qloc.

Elements of Qloc: conv. comb. of Φ⊗ Ψ, where Φ, Ψ quantum channels.

Write Φ(ω) =
∑

i∈S ViωV
∗
i and Ψ(ω) =

∑
j∈T WjωW

∗
j in Kraus dec.  V = [Vi ]i∈S and W = [Wj ]j∈T .

Junge-Kubicki-Palazuelos-Pérez-Garćıa, 2021: X and Y op. sp., φ : X → Y  

‖φ‖w,cb = sup{‖β ◦ φ ◦ α‖S2(`2) : α : R∞ → X , β : Y → C∞ completely contr.};

 Sw,cb
2 (X ,Y) weak-cb Hilbert-Schmidt op.  op. space by amplifying (β(n) ◦ (φi,j ) ◦α).

In tensor terms: finite dimensional X and Y  X ∗ ⊗w,cb Y := Sw,cb
2 (X ,Y)

Theorem

We have ORloc
XY ,AB = SA,X

1 ⊗w,cb SB,Y
1 .

U ∈ B(CX,CAS ), V ∈ B(CY,CBT )  (θV ⊗ θW )(ω) =
∑

s∈S
∑

t∈T 〈Vs ⊗Wt , ω〉es ⊗ et

Set α(ξ) =
∑

s∈S 〈ξ, es〉Vs and β(ρ) =
∑

t∈T 〈ρ,Wt〉et to see ‖(θV ⊗ θW )(ω)‖ = ‖β ◦ ω ◦ α‖2.

For the reverse, a c.c. α : R∞ → B(CX ,CA) gives only [Vi ]
∞
i=0:

∑∞
i=0 V∗i Vi ≤ IX  add some extra terms.

Corollary

ξξ∗ on CXY and γγ∗ on CAB  ∃ LOSR Γ such that Γ(ξξ∗) = γγ∗ ⇔ ‖ξ̄γ̄∗‖w,cb = 1.
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The no-signalling resource and inequalities

K a Hilbert space, E = {ηx,y,a,b}x,y,a,b ⊆ K  ζx,y =
∑

a∈A
∑

b∈B ea ⊗ eb ⊗ ηx,y,a,b.

E no-signalling if ∃ PVM’s {Px}x∈X on CA ⊗ K , and {Qy}y∈Y on CB ⊗ K s.t.

ζx,y ∈ ran(Px ⊗ IB) ∩ ran(Qy ⊗ IA) ⊆ CAB ⊗ K , x ∈ X , y ∈ Y .

E no-signalling family  UE : CXY → CAB ⊗ K , UE(ex ⊗ ey ) = ζx,y , x ∈ X , y ∈ Y .

Define: Rns = 〈{UE : E no-signalling family}〉.

Proposition

We have that QC(Rns) = Qns.

Proposition

We have ωqc(ξ,P) ≤ ωh(ξ,P).
One-way communication value, Cooney-Junge–Palazuelos-Pérez-Garćıa.

For U ⊗h V, one takes all c.c. ternary morphisms, while for U ⊗tmax V only the commuting ones.
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Classical-to-quantum values
Classical-to-quantum correlation types CQt T-Turowska, 2020

E : DXY → MAB  states σx,y := E(εx,x ⊗ εy,y ).

No-signalling: TrAσx,y = TrAσx′,y and TrBσx,y = TrAσx,y′

Other types: e.g. quantum commuting via Ex,a,a′Fy,b,b′ = Fy,b,b′Ex,a,a′ .

Universal objects: C*-alg. BX ,A = MA ∗1 · · · ∗1 MA (|X | times) and op.sys. RX ,A ⊆ BX ,A.

 similar descriptions in terms of states on BX ,A ⊗max BY ,B etc.

Classical Classical-to-quantum Quantum

N : DXY → DAB E : DXY → MAB Γ : MXY → MAB

AX ,A = C∗(ex,a) BX ,A = C∗(ex,a,a′) CX ,A = C∗(ex,x′,a,a′)

POVM’s (Ex,a)a∈A Ex ∈ M+
A with TrAEx = I E = (Ex,x′,a,a′) stochastic

Classical-to-quantum game: ϕ : εx,x ⊗ εy,y → ϕ(εx,x ⊗ εy,y ), with p. d. π on X × Y

 ωt(ϕ, π) = supΓ∈CQt

∑
x∈X

∑
y∈Y π(x , y)Tr(Γ(εx,x ⊗ εy,y )ϕ(εx,x ⊗ εy,y ))

Set: G̃ =
∑

x∈X
∑

y∈Y π(x , y)ιx,y (ϕ(εx,x ⊗ εy,y )).

Theorem

ωq(ϕ, π) = ‖Ĝ‖`1
X

(MA)⊗min`
1
Y

(MB ) = ‖G̃‖RX,A⊗minRY ,B ;

ωqc(ϕ, π) = ‖G̃‖RX,A⊗cRY ,B = ‖G̃‖BX,A⊗maxBY ,B .
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