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motivation
ground state problem in quantum many-body physics



motivation

Motivating numerics: 2D Heisenberg model (n = 25,m = 40)

Exact values from DMRG ML predictions
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2D anti-ferromagnetic
random Heisenberg model
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*The random J considered in (c)

(c) Measuring true
ground state

ML-predicted
ground state
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ρtrain(x) =
∑N

`=1 κ (x , x`)ρ(x`)

κ : neural tangent kernel
κ : `2-Dirichlet kernel

spoiler: assumptions on H(x),O ensure

E
x

unif∼ [−1,1]m
|tr (Oρtrain(x))− tr (Oρ(x))|2 ≤ ε

(MSE ≤ ε) with poly(m) = poly(n) scaling in

◦ training data size

◦ runtime + memory

(improvement to polylog(n))

(Lewis et al. 2301.13169)

Richard Kueng learning to predict ground state properties March 6th, 2023 3 / 15

2301.13169


motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

our solution : Monte Carlo sampling with quantum architectures

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

our solution : Monte Carlo sampling with quantum architectures

− Monte Carlo paradigm ensures tractable approximations

q
u

an
tu

m
sy

st
em

≈ 1
T

∑
t

ρ ∈ H2n
σ̂ =

⊗n
i=1 σ̂i

(4n fpn’s) (2.6n bits)

tr (O1ρ) ≈ 1
T

∑T
t=1 tr (O1σt)

...
tr (OLρ) ≈ 1

T

∑T
t=1 tr (OLσt)

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

our solution : Monte Carlo sampling with quantum architectures

− Monte Carlo paradigm ensures tractable approximations

− sampling process outsourced to quantum simulator

q
u

an
tu

m
sy

st
em

≈ 1
T

∑
t

ρ ∈ H2n
σ̂ =

⊗n
i=1 σ̂i

(4n fpn’s) (2.6n bits)

tr (O1ρ) ≈ 1
T

∑T
t=1 tr (O1σt)

...
tr (OLρ) ≈ 1

T

∑T
t=1 tr (OLσt)

Measurements

Few rounds of randomized measurements

Quantum System

U
nitary

Evolution
Random
Evolution

Classical representation
of the quantum system

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

(a) Classical
shadow
formalism

Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

Predicting …

Classical ML

(b)
1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Predicting ground states

Predicting phases of matter(c)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Training data for classical ML(d)
Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

or

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Ground state task

Phase of matter taskClassical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Trivial

Quantum many-body
ground stateSynthesize

in the Lab
Perform

Measurements

… and other examples

0110011000001
0000101110010
0010010001100
0001000110001
1001000010001

0010010010010
0100100100100
1001001001001
0010010010010
0100100100100

… and other examples

Sym.-broken Topological

Local Observables

Entanglement
Entropy

Correlations

Hamiltonian

Preserve Properties

… etc.

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

our solution : Monte Carlo sampling with quantum architectures

− Monte Carlo paradigm ensures tractable approximations

− sampling process outsourced to quantum simulator

q
u

an
tu

m
sy

st
em

≈ 1
T

∑
t

ρ ∈ H2n
σ̂ =

⊗n
i=1 σ̂i

(4n fpn’s) (2.6n bits)

tr (O1ρ) ≈ 1
T

∑T
t=1 tr (O1σt)

...
tr (OLρ) ≈ 1

T

∑T
t=1 tr (OLσt)

Measurements

Few rounds of randomized measurements

Quantum System

U
nitary

Evolution
Random
Evolution

Classical representation
of the quantum system

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

(a) Classical
shadow
formalism

Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

Predicting …

Classical ML

(b)
1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Predicting ground states

Predicting phases of matter(c)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Training data for classical ML(d)
Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

or

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Ground state task

Phase of matter taskClassical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Trivial

Quantum many-body
ground stateSynthesize

in the Lab
Perform

Measurements

… and other examples

0110011000001
0000101110010
0010010001100
0001000110001
1001000010001

0010010010010
0100100100100
1001001001001
0010010010010
0100100100100

… and other examples

Sym.-broken Topological

Local Observables

Entanglement
Entropy

Correlations

Hamiltonian

Preserve Properties

… etc.

◦ combination of quantum software and conventional software

◦ simple quantum software, conventional memory & runtime is also cheap

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

Data format: classical shadows

ML insight: compression s.t. σ̂(αρ1) + βσ̂(ρ2) = σ̂(αρ1 + βρ2)

our solution : Monte Carlo sampling with quantum architectures

− Monte Carlo paradigm ensures tractable approximations

− sampling process outsourced to quantum simulator

q
u

an
tu

m
sy

st
em

≈ 1
T

∑
t

ρ ∈ H2n
σ̂ =

⊗n
i=1 σ̂i

(4n fpn’s) (2.6n bits)

tr (O1ρ) ≈ 1
T

∑T
t=1 tr (O1σt)

...
tr (OLρ) ≈ 1

T

∑T
t=1 tr (OLσt)

Measurements

Few rounds of randomized measurements

Quantum System

U
nitary

Evolution
Random
Evolution

Classical representation
of the quantum system

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

(a) Classical
shadow
formalism

Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

Predicting …

Classical ML

(b)
1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Predicting ground states

Predicting phases of matter(c)

Predicting …

Classical ML

Topological

Symmetry-broken

Trivial

Quantum
phases of matter

Training data for classical ML(d)
Parameters describing
a physical Hamiltonian

Classical representation
of the ground state

or

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Ground state task

Phase of matter taskClassical representation
of the ground state

1010011000111
1000101000011
1110011010100
0101001001101
1110001001000

Trivial

Quantum many-body
ground stateSynthesize

in the Lab
Perform

Measurements

… and other examples

0110011000001
0000101110010
0010010001100
0001000110001
1001000010001

0010010010010
0100100100100
1001001001001
0010010010010
0100100100100

… and other examples

Sym.-broken Topological

Local Observables

Entanglement
Entropy

Correlations

Hamiltonian

Preserve Properties

… etc.

◦ combination of quantum software and conventional software

◦ simple quantum software, conventional memory & runtime is also cheap

◦ works for every state, but only efficient for local observables ⇒ locality assumption

Richard Kueng learning to predict ground state properties March 6th, 2023 4 / 15



motivation

main result

H.Y. Huang, R. Kueng, G. Torlai, V.A. Albert, J. Preskill. Provably efficient ML for many-body problems.

Science 377, eabk3333 (2022) (and https://arxiv.org/abs/2106.12627)
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motivation
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proof of the main result
three steps: (i) signal processing, (ii) bridge to ground

state problem, (iii) classical shadows



proof of the main result

Proof part 1: signal processing

Theorem

Consider a function f : [−1, 1]m → R (think: f (x) = tr (Oρ(x))) that obeys

(i) E
x

unif∼ [−1,1]m
‖∇x f (x)‖2

2 ≤ C (controlled average gradient size)

(ii) |f (x)| ≤ B almost surely (bounded magnitude).

Use N = B2mO(C/ε) uniform samples (x`, f (x`)) with x`
unif∼ [−1, 1]m to construct

f̃ (x) =
1

N

N∑

`=1

κΛ(x , x`)f (x`) with κΛ(x , x`) =
∑

k ∈ Zm

‖k‖2 ≤ Λ

eiπ〈k,x−y〉, Λ = O(C/ε).

Then, E
x

unif∼ [−1,1]m

∣∣∣f̃ (x)− f (x)
∣∣∣ ≤ ε (MSE ≤ ε) with high probability.
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proof of the main result

Proof part 1: signal processing

f (x) = F−1F f (x) ← Fourier series plays nicely with MSE
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∫
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)
f (y)dmy ← `2-Dirichlet kernel emerges

= 1
2m

∫
[−1,1]m

κΛ (x , y) f (y)dmy

≈ 1
N

∑N
`=1 κΛ(x , x`)f (x`) with x`

unif∼ [−1, 1]m ← Monte Carlo approximation,
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proof of the main result

Proof part 2: bridge to ground state problem

Theorem (streamlined insight from sampling theory)

Uniform sampling efficiently interpolates functions f : [−1, 1]m → R that obey

(i) E
x

iid∼[−1,1]m
‖∇x f (x)‖2

2 ≤ C and (ii) |f (x)| ≤ B.

now, we set f (x) = tr (Oρ(x)) with ρ(x) ground state of H(x) and O sum of local terms
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condition (ii): |f (x)| = |tr (Oρ(x))| ≤ ‖O‖∞ ‖ρ(x)‖1 = ‖O|∞ ≤ B

condition (i) follows ground state properties of ‘nice’ Hamiltonians and locality

quasi-adiabatic continuation and Lieb-Robinson bounds imply

Proposition: SpectralGap(H(x)) ≥ γ = Ω(1) for all x ∈ [−1, 1]m

ensures ‖∇xtr (Oρ(x))‖2
2 ≤ Cγ (

∑
l ‖Ol‖∞)2 = CγB

2 everywhere.
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proof of the main result

Proof part 2: bridge to ground state problem

Corollary (many-body restatement of main sampling theorem)

Let H(x) =
∑

j Hj(x) with x ∈ [−1, 1]m be a parametrized family of ‘geometrically local’
n-qubit Hamiltonians with a constant spectral gap throughout and let O =

∑
j Oj be a sum of

local observables such that
∑

j ‖Oj‖∞ ≤ B. Then, a total of N = B2mO(B2/ε) labeled ground

states (x`,ρ(x`)) with x`
unif∼ [−1, 1]m allows us to interpolate to new ground states:

ρtrain(x) =
1

N

N∑

`=1

κΛ(x , x`)ρ(x`) with κΛ(x , x`) =
∑

k∈Zm: ‖k‖2≤Λ

eiπ〈k,x−x`〉, Λ = O(B2/ε).

With high probability, E
x

unif∼ [−1,1]m
|tr (Oρ̃(x))− tr (Oρ(x))|2 ≤ ε (MSE ≤ ε).

for B = const and ε = const, N = poly(m)= polylog(D) (efficient training size)
constant spectral gap is strong physical assumption (‘deep within a phase’)

procedure is not (yet) efficient: training data ρ(x`) ∈ HD is gigantic (D = 2n)
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proof of the main result

Proof part 3: data compression with classical shadows

◦ take-home message from previous slide:

ρ(x) ≈ ρtrain(x) = 1
N

∑N
`=1 κΛ(x , x`)ρ(x`)
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p
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`
)
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1 ⊗ · · · ⊗ S(t)
n
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⇒ cheap data acquisition, storage + processing

p
re
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proof of the main result

Theorem (Learning to predict ground state properties with classical shadows)

Let H(x) =
∑

j Hj(x) with x ∈ [−1, 1]m be a parametrized family of ‘geometrically local’
n-qubit Hamiltonians with a constant spectral gap throughout and let O =

∑
j Oj be a sum of

local observables such that
∑

j ‖Oj‖∞ ≤ B. Then, a total of N = B2mO(B2/ε) labeled ground

state sketches (x`,σ (x`)) (minimal classical shadows) with x`
unif∼ [−1, 1]m allows us to

interpolate to new ground state sketches:

σ̃ (x) =
1

N

N∑

`=1

κΛ(x , x`)σ (ρ(x`)) with κΛ(x , x`) =
∑

k∈Zm: ‖k‖2≤Λ

eiπ〈k,x−x`〉, Λ = O(B2/ε).

With high probability, this interpolation obeys E
x

unif∼ [−1,1]m
|tr (Oσ̃(x))− tr (Oρ(x))|2 ≤ ε

(MSE ≤ ε). Moreover, all computational resources (data compression, storage, training,

prediction) are bounded by O
(
nB2mO(B2/ε)

)
.

analysis extends to infinite-width neural networks (neural tangent kernel)

for ε,B = const, O(nB2mO(B2/ε)) = poly(n)= polylog(D) (efficient cost throughout)

remaining question: where does training data (x`,σ(x`)) come from?
(i) numerical simulations, (ii) quantum computers (quantum-to-classical conversion)
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numerical experiments

Numerics: 1D chain of n = 51 Rydberg atoms

Disordered

Z3-ordered

Z2-ordered

(b)(a)

(c)

*Solid lines in the six line plots indicate exact values from DMRG

Classical ML Classical ML Classical ML

Nearest training data Nearest training data Nearest training data

aRydberg
atom array

a a a

a: atom separatation
Z3-ordered

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>|ri<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi

Z2-ordered
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>|ri <latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>|ri <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi

Disordered
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi <latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi

: Training data (a total of 20)…

: Testing point (predict ground state)

<latexit sha1_base64="33OEYwCOzUkIsuKTSe0P+8vhVoM="></latexit>

Ni = |riihri|, Xi = |giihri|+ |riihgi|, Zi = |giihgi|� |riihri|

ground
state

<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi
Rydberg

state

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>|ri

Phases

Two-level system

a
<latexit sha1_base64="1oABBYxDsSMXcigTap1s9FtPak8=">AAAB+XicdZBNS8MwHMbT+TbnW9Wjl+AQPJV2m+2OAy8eJ7gXWMtIs7QLS9OSpINR9k28eFDEq1/Az+DNb2P2IqjoA4Efz/MP+ecJM0alsu0Po7SxubW9U96t7O0fHB6ZxyddmeYCkw5OWSr6IZKEUU46iipG+pkgKAkZ6YWT60XemxIhacrv1CwjQYJiTiOKkdLW0DR9pmMFY+gLxGNGhmbVthzHdT0bamhcea6joVZv1r06dCx7qSpYqz003/1RivOEcIUZknLg2JkKCiQUxYzMK34uSYbwBMVkoJGjhMigWG4+hxfaGcEoFfpwBZfu9xsFSqScJaGeTJAay9/ZwvwrG+QqagYF5VmuCMerh6KcQZXCRQ1wRAXBis00ICyo3hXiMRIIK11WRZfw9VP4P3RrluNazm2j2hJvqzrK4Aycg0vgAA+0wA1ogw7AYAruwSN4MgrjwXg2XlajJWNd4Sn4IeP1E8+llI0=</latexit>|gi

<latexit sha1_base64="yqy9GGjPON1JN22Wtw0JWBMKPvw=">AAAB+XicdZDLSgMxGIUz9VbrbdSlm2ARXA2Tts50WXDjsoK9QGcomTRtQzOZIckUytA3ceNCEbe+gM/gzrcxvQgqeiDwcc4f8udEKWdKu+6HVdjY3NreKe6W9vYPDo/s45O2SjJJaIskPJHdCCvKmaAtzTSn3VRSHEecdqLJ9SLvTKlULBF3epbSMMYjwYaMYG2svm0H3MQaShhILEac9u2y6yDkeb4LDdSufA8ZqFTrVb8KkeMuVQZrNfv2ezBISBZToQnHSvWQm+owx1Izwum8FGSKpphM8Ij2DAocUxXmy83n8MI4AzhMpDlCw6X7/UaOY6VmcWQmY6zH6ne2MP/Kepke1sOciTTTVJDVQ8OMQ53ARQ1wwCQlms8MYCKZ2RWSMZaYaFNWyZTw9VP4P7QrDvIcdFsrN+Tbqo4iOAPn4BIg4IMGuAFN0AIETME9eARPVm49WM/Wy2q0YK0rPAU/ZL1+AuCplJg=</latexit>|ri
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numerical experiments

Numerics: 2D Heisenberg model with n = 25 spins

Exact values from DMRG ML predictions

Correlation 
function

21 3 4 5

76 8 9 10

1211 13 14 15

1716 18 19 20

2221 23 24 25

2D anti-ferromagnetic
random Heisenberg model

(a) (b)

*The random J considered in (c)

(c) Measuring true
ground state

ML-predicted
ground state

<latexit sha1_base64="a+QycvCmuf5S9njzeg25M9RHxF4="></latexit>

H =
X

hiji
Jij(XiXj + YiYj + ZiZj)

Richard Kueng learning to predict ground state properties March 6th, 2023 13 / 15



numerical experiments

Numerics: 2D Heisenberg model with different ML models

comparison between

◦ NKT (green,red)

◦ MLP (purple)

◦ GNN (blue, orange)

collaboration with Caltech

and Hochreiter group (JKU)

[Tran et al, NeurIPS workshop 22]
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Synopsis
◦ ambition: provide rigorous theory support for efficient fruitful between

quantum computing/experiments (data generation) and classical ML (generalization)

◦ concrete objective: learn to predict properties of parametrized many-body ground states

◦ result: strong assumptions (constant spectral gap & locality) ⇒ quasi-polynomial guarantees

◦ our constructive proof combines three ingredients (each of which is easy for experts)

(i) harmonic analysis: approximate slow-varying and bounded function by uniform sampling

(ii) many-body physics: locality & constant spectral gap ensure slow variation + boundedness

(iii) classical shadows allow efficient + linear data compression (‘sketching’)

◦ refined proof technique improves training data bound (almost) exponentially [Lewis et al, 2023]

◦ numerical experiments highlight that practical performance is even better [Tran et al, 2023]

◦ complexity-theoretic bottlenecks for approaches that don’t use training data

reduction from rectilinear 3-SAT and integer Factorization
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H-Y. Huang R. Kueng G. Torlai V. Albert J. Preskill

Provably efficient machine learning for quantum many-body problems.

Science 377, eabk3333 (2022) (and https://arxiv.org/abs/2106.12627)

Thank you!
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Provably efficient machine learning for quantum many-body problems.

Science 377, eabk3333 (2022) (and https://arxiv.org/abs/2106.12627)

Thank you!

Also, I am building up a team in Linz – PhD and postdoc positions are available.

Please help me spread the word.
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synopsis

Backup slide 1: spectral & locality control avg. gradient size

◦ Hamiltonian Htot(x) has spectral gap
∣∣∣λ↑1(Htot(x))− λ↑2(Htot(x))

∣∣∣ ≥ γ = Ω(1) ∀x ∈ [−1, 1]m

◦ observable Otot =
∑

j Oj is sum of ‘local’ terms, e.g. O1 = Õ1 ⊗ I⊗(n−o)

◦ quasi-adiabatic continuation: Wγ(t) is fast-decaying weight function around 0 and

(∂/∂û)ρ(x) = [Dû,ρ(x)] with Dû =
∫
R Wγ(t)eitHtot(x) ((∂/∂û) Htot(x)) e−itHtot(x)dt

⇒ ‖∇xtr (Oρ(x))‖2 = ‖tr ([O,Dû]ρ(x))| ≤ ‖[O,Dû]‖∞ ‖ρ(x)‖1

≤∑j1,j2

∫
RWγ(t)

∥∥[Oj1 , e
itHtot ((∂/∂û) Hj2) e−itHtot

]∥∥
∞

◦ locality implies that most Oj1 and Hj2 act nontrivially on very distant regions (tensor factors)

◦ Lieb-Robinson bounds ensure that the matrix exponentials don’t change this too much

⇒ almost all matrices in (1) commute approximately ⇒ small gradient size ∀x ∈ [−1, 1]m
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synopsis

Backup slide 2: reduction from rectilinear 3-SAT
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synopsis

Backup slide 3: truncation in Fourier domain

Lemma (truncation)

Let f : [−1, 1]m → R and fΛ(x) = F−1TΛF f (x)=
∑

k∈Zm,‖k‖2≤Λ eiπ〈k,x〉 f̂ (k). Then,

E
x

unif∼ [−1,1]m
|f (x)− fΛ(x)| ≤ 1

π2Λ2
E
x

unif∼ [−1,1]m
‖∇x f (x)‖2

2 .

◦ in words: average gradient size controls cutoff

⇒ ε-error requires cutoff Λ = O (C/ε) with C ≥ Ex‖∇x f (x)‖2
2
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|f (x)− fΛ(x)| ≤ 1
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E
x
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‖∇x f (x)‖2

2 .

◦ in words: average gradient size controls cutoff

⇒ ε-error requires cutoff Λ = O (C/ε) with C ≥ Ex‖∇x f (x)‖2
2

proof sketch: (standard Fourier argument with Parseval’s identity)

E
x

unif∼ [−1,1]m
‖∇x f (x)‖2

2 = 1
2m

∫
[−1,1]m

dmx
∥∥∥
∑

k∈Zm iπkeiπ〈k,x〉 f̂ (k)
∥∥∥

2

2
= π2

∑
k∈Zm ‖k‖2

2

∣∣∣f̂ (k)
∣∣∣
2

E
x

unif∼ [−1,1]m
|f (x)− fΛ(x)| =

∫
[−1,1]m dmx

∣∣∣
∑
‖k‖2>Λ eiπ〈k,x〉f̂ (k)

∣∣∣ =
∑
‖k‖2>Λ

∣∣∣f̂ (k)
∣∣∣
2

Richard Kueng learning to predict ground state properties March 6th, 2023 15 / 15



synopsis

Backup slide 4: sampling approximation

Lemma (sampling rate for MSE approximation)

Let fΛ(x) be a band-limited function with |fΛ(x)| ≤ B a.s. Then, with high (constant) prob:

f̃Λ(x) = 1
N

∑N
`=1 κΛ(x , x`)f (x`) with x`

unif∼ [−1, 1]m and kΛ(x , x`) =
∑

k∈Zm: ‖k‖2≤Λ eiπ〈k,x−x`〉

obeys:
a = E

x
unif∼ [−1,1]m

∣∣∣f̃Λ(x)− fΛ(x)
∣∣∣
2

≤ B2mO(Λ2)/N.

in words: bounded function value implies bounded (uniform) sampling rate N
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in words: bounded function value implies bounded (uniform) sampling rate N

proof sketch: (polynomial bound on lattice size + Hoeffding)

a = 1
2m

∫
[−1,1]m

dmx
∣∣∣
∑
‖k‖2≤Λ eiπ〈k,x〉

(
1
N

∑N
`=1

(
e−iπ〈k,x`〉f (x`)− Ex`

[
e−iπ〈k,x`〉f (x`)

]))∣∣∣
2

=
∑

k∈Zm:‖k‖2≤Λ

∣∣∣ 1
N

∑N
`=1

(
e−iπ〈k,x`〉f (x`)− Ex`

[
e−iπ〈k,x`〉f (x`)

])∣∣∣
2
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dmx
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∑
‖k‖2≤Λ eiπ〈k,x〉

(
1
N

∑N
`=1

(
e−iπ〈k,x`〉f (x`)− Ex`

[
e−iπ〈k,x`〉f (x`)

]))∣∣∣
2

=
∑

k∈Zm:‖k‖2≤Λ

∣∣∣ 1
N

∑N
`=1

(
e−iπ〈k,x`〉f (x`)− Ex`

[
e−iπ〈k,x`〉f (x`)

])∣∣∣
2

≤ |{k ∈ Zm : ‖k‖2 ≤ Λ}|max‖k‖2≤Λ

∣∣∣ 1
N

∑N
`=1

(
e−iπ〈k,x`〉f (x`)− Ex`

[
e−iπ〈k,x`〉f (x`)

])∣∣∣
2

(2m + 1)Λ2

= mO(Λ2) tail bound (Hoeffding)
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