
 ICMAT 9.3.2023

Mari-Carmen Bañuls
Miguel Frías-Pérez, Luna Cesari, 

Yilun Yang, Sirui Lu,  J. Ignacio Cirac

Light cone tensor network 
and time evolution

PRX Quantum 2, 020321 (2021)
PRB 106, 024307 (2022) 

PRB 106, 115117 (2022)



TNS are very useful in the 
quantum many-body context…



works for GS, low energy, thermal equilibrium…
Verstraete, Cirac, PRB 2006 
Hastings J. Stat. Phys 2007

Hastings PRB 2006
Molnar et al. PRB 2015

area laws

high energy eigenstates, quenches… 

volume law

Osborne, PRL 2006
Schuch et al., NJP 2008

Vidmar et al., PRL 2017

applicability for QFT problems

review: MCB, K. Cichy arXiv:1910.00257 
LGT: systematically probed in 1D, progress in 2D

suitable for other QFT problems arXiv:1908.04536,1912.08836 



entanglement growth in non-equilibrium 
scenarios limits the applicability of MPS

fundamental questions: thermalization, ETH…



product state

easy to write as MPS

thermal states

well approximated as MPO

S(t) / t
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t = 0
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Dmin(t) ⇠ e↵t
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entanglement 
barrier

global quench 
in 1D

tools to get 
dynamical 
properties

some recent progress

TNS challenge: 
getting around this 

limitation

local 
observables

Osborne, PRL 2006
Schuch et al., NJP 2008

Dubai JPhysA 2017
Leviatan et al. 2017
White et al PRB 2018
Surace et al. 2018
Rakovzsky et al 2022



alternative: give up 
description of the full state

 spectral properties of 
the QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)
Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)

Çakan, Cirac, MCB, PRB 103, 115113 (2021)
Lu, MCB, Cirac, PRX Quantum 2, 02032 (2021)

Yang, Cirac, MCB, PRB 106, 024307 (2022)

    light-cone TN for 
non-equilibrium 
evolution of local 

observables
M. Frías-Pérez, MCB, 

PRB 106, 115117 (2022) 



M. Frías-Pérez, MCB, 
PRB 106, 115117 (2022) 

    light-cone TN for 
non-equilibrium 
evolution of local 

observables

evolving operators: Heisenberg picture

operator space entanglement

Hartmann et al, PRL 2009

also for mixed states

Prosen Pizorn, PRL 2008

observables as TN to contract

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes et al., NJP 2012
Hastings, Mahajan 2014
Frías-Pérez, MCB PRB 2022

different entanglement quantities



|�(t)�

��(t)|

��(t)|O|�(t)�

tim
e

space

time-dependent observable as a TN
TN describe 

observables, not 
states

exact contraction 
not possible

#P complete



different approximate contraction strategies

standard (TEBD, 
tDMRG)

tim
e

space
evolved state 

approximated as MPS

time-dependent observable as a TN



different approximate contraction strategies

Heisenberg 
picture

tim
e

space

evolved operator as 
MPO

time-dependent observable as a TN



for infinite systems, transverse folding approach

tim
e

space

time-dependent observable as a TN

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

Hastings, Mahajan 2014
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EO(t)
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<latexit sha1_base64="19A9SeT50fz3dJEUD4na5kphK+A=">AAAB63icdVDLSgMxFM34rPVVdekmWIS6GWamta27ogguK9gHtEPJpJk2NMkMSUYoQ3/BjQtF3PpD7vwbM20FFT1w4XDOvdx7TxAzqrTjfFgrq2vrG5u5rfz2zu7efuHgsK2iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLnK/M49kYpG4k5PY+JzNBI0pBjpTLou6bNBoejYF/Wqd+5Bx3acmleuZsSrVbwydI2SoQiWaA4K7/1hhBNOhMYMKdVznVj7KZKaYkZm+X6iSIzwBI1Iz1CBOFF+Or91Bk+NMoRhJE0JDefq94kUcaWmPDCdHOmx+u1l4l9eL9Fh3U+piBNNBF4sChMGdQSzx+GQSoI1mxqCsKTmVojHSCKsTTx5E8LXp/B/0vZst2pXbivFxuUyjhw4BiegBFxQAw1wA5qgBTAYgwfwBJ4tbj1aL9bronXFWs4cgR+w3j4BmbuN+Q==</latexit>

E(t)

transverse folding approach

for infinite systems, transverse folding approach
MCB, Hastings, Verstraete, Cirac, PRL 2009

Müller-Hermes, Cirac, MCB, NJP 2012
Hastings, Mahajan 2014
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EO(t)
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(L(t)|
<latexit sha1_base64="jtY9Pxm0bpzgkTXTEMSsibrBfm4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK0myEzTnW6K7pxWcW2QjuUTJppYzMPkoxQxv6DGxeKuPV/3Pk3pg9BRQ9cOJxzL/fe4yecSYXQh5FbWl5ZXcuvFzY2t7Z3irt7LRmngtAmiXksbnwsKWcRbSqmOL1JBMWhz2nbH51P/fYdFZLF0bUaJ9QL8SBiASNYaal1f1VWlUqvWEJmrYYcx4XIrCLbdqqaoGPbdS1omWiGElig0Su+d/sxSUMaKcKxlB0LJcrLsFCMcDopdFNJE0xGeEA7mkY4pNLLZtdO4JFW+jCIha5IwZn6fSLDoZTj0NedIVZD+dubin95nVQFrpexKEkVjch8UZByqGI4fR32maBE8bEmmAimb4VkiAUmSgdU0CF8fQr/Jy3btE5M59Ip1c8WceTBATgEZWCBU1AHF6ABmoCAW/AAnsCzERuPxovxOm/NGYuZffADxtsn/aOOxQ==</latexit>

|R(t))

transverse folding approach

for infinite systems, transverse folding approach
MCB, Hastings, Verstraete, Cirac, PRL 2009

Müller-Hermes, Cirac, MCB, NJP 2012
Hastings, Mahajan 2014



intuition: model free propagating excitations

transverse folding approach

fo
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intuition: toy model

transverse folding approach
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MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

a particular case of 
dual unitary circuit

Bertini, Kos, Prosen, PRL 2019



transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

a particular case of 
dual unitary circuit

Bertini, Kos, Prosen, PRL 2019



transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012
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transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

time direction



transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

entanglement also 
in the transverse 
eigenvector

folding can reduce 
the entanglement in 
this case

time direction



free propagating excitations

transverse folding approach
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EO(t)

closest real case: global quench 
in free fermionic models
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Müller-Hermes, Cirac, MCB, NJP 2012
see also Giudice et al., PRL128, 220401 (2022)

TEMPORAL 
ENTANGLEMENT

recent interest: influence functional
Sonner et al, Ann. Phys 2021

Lerose et al. PRX 2021
Ye, Chan, J. Chem. Phys. 2021



transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

eigenstate of the 
evolution

no entanglement 
created in space

a second case |�� � |r�



transverse folding approach

intuition: toy model

MCB, Hastings, Verstraete, Cirac, PRL 2009
Müller-Hermes, Cirac, MCB, NJP 2012

fast growing 
entanglement in 
transverse 
direction

folding works
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transverse folding + light cone

cancelling local unitaries

Frías-Pérez, MCB, PRB 106, 115117 (2022)similar idea: Lerose, Sonner, Abanin, 2201.04150
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(L(t)|
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|R(t))

transverse folding + light cone =TLCC

cancelling local unitaries

=

gain in efficiency
systematic increment of t

improved convergence with 
Hastings’ truncation

Hastings, Mahajan 2014

Frías-Pérez, MCB, PRB 106, 115117 (2022)
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(J, g, h) =
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(1, 0.5, 0)

quench from 
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|X+i
exact

iTEBD
TLCC

transverse folding + light cone =TLCC

required 
resources

Frías-Pérez, MCB, PRB 106, 115117 (2022)
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(J, g, h) =

transverse folding + light cone =TLCC

quench from 
<latexit sha1_base64="+4hN7kEU5jt/mLdn4A/VdRC9gWs=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBAEIeyGGPUW9OIxgnlgEsLspDcZMju7zMwKYc1fePGgiFf/xpt/4+QhqGhBQ1HVTXeXHwuujet+OAuLS8srq5m17PrG5tZ2bme3rqNEMayxSESq6VONgkusGW4ENmOFNPQFNvzh5cRv3KHSPJI3ZhRjJ6R9yQPOqLHS7X3zuK2o7Avs5vJuwZ2CzIhXtOTE9c7LZeLNrTzMUe3m3tu9iCUhSsME1brlubHppFQZzgSOs+1EY0zZkPaxZamkIepOOr14TA6t0iNBpGxJQ6bq94mUhlqPQt92htQM9G9vIv7ltRITnHVSLuPEoGSzRUEiiInI5H3S4wqZESNLKFPc3krYgCrKjA0pa0P4+pT8T+rFglculK5L+crFPI4M7MMBHIEHp1CBK6hCDRhIeIAneHa08+i8OK+z1gVnPrMHP+C8fQKIYZDZ</latexit>

|X+i

iTEBD TLCC

Heisenberg

required 
resources
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(1,�1.05, 0.5)

Frías-Pérez, MCB, PRB 106, 115117 (2022)



physical light cone

Frías-Pérez, MCB, PRB 106, 115117 (2022)

Lieb-Robinson: maximal 
physical velocity



physical light cone
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<latexit sha1_base64="Qd4YAL7dZns6uxgJPpZ389t6RfA=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh6MaFiyp9QacMmTTThmYyQ5IplJD/cOOvuHGhiCvBhX9j+gCfBy4czrmXe+8JU0alct0PJ7e0vLK6ll8vbGxube8Ud/daMskEJk2csER0QiQJo5w0FVWMdFJBUBwy0g5Hl1O/PSZC0oQ31CQlvRgNOI0oRspKQbHCAx1oP0ZqKGLdMMac+5FAWHtGj7+M61tjoN8nTCETFEtu2Z0B/iXegpTAAvWg+Ob3E5zFhCvMkJRdz01VTyOhKGbEFPxMkhThERqQrqUcxUT29Ow3A4+s0odRImxxBWfq9wmNYikncWg7p7fK395U/M/rZio662nK00wRjueLooxBlcBpULBPBcGKTSxBWFB7K8RDZKNRNs6CDcH7/fJf0qqUvZNy9aZaql0s4siDA3AIjoEHTkENXIE6aAIM7sADeALPzr3z6Lw4r/PWnLOY2Qc/4Lx/Ar+Toxk=</latexit>

nT =
1

vLR�

Frías-Pérez, MCB, PRB 106, 115117 (2022)



physical light cone

Frías-Pérez, MCB, PRB 106, 115117 (2022)

LC with exponential corrections
finite size window to decrease error



light cone can be exploited for other 
quantities



computing response functions

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="VekqW/ERiBq1b0jVzkKJrgzFlgE=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0VQkJLE0NZd0Y07K7RaaEOYTCc6dPJg5kaoofgrblwo4tb/cOffOGkrqOiBC4dz7uXee/xEcAWm+WHMzM7NLywWlorLK6tr66WNzUsVp5KyNo1FLDs+UUzwiLWBg2CdRDIS+oJd+YPT3L+6ZVLxOGrBMGFuSK4jHnBKQEteabvlZT2fATk89yxd9mgfDrxS2awc16u2U8VmxTRrlm3lxK45Rw62tJKjjKZoeqX3Xj+macgioIIo1bXMBNyMSOBUsFGxlyqWEDog16yraURCptxsfP0I72mlj4NY6ooAj9XvExkJlRqGvu4MCdyo314u/uV1UwjqbsajJAUW0cmiIBUYYpxHgftcMgpiqAmhkutbMb0hklDQgRV1CF+f4v/JpV2xqhXnwik3TqZxFNAO2kX7yEI11EBnqInaiKI79ICe0LNxbzwaL8brpHXGmM5soR8w3j4B5XWUPQ==</latexit>

T�,O1,O2(t)

<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, `,�) = tr(⇢�O
[`]
2 (t)O[0]

1 (0))

fo
ld

<latexit sha1_base64="zmXpp3cMmMcZpD29hNN2vYW+9m4=">AAAB9XicdVDLSgMxFM3UV62vqks3wSLUzZAp09ruim5cVrAP6ItMJtOGZjJDklHK0P9w40IRt/6LO//G9CGo6IELh3Pu5d57vJgzpRH6sDJr6xubW9nt3M7u3v5B/vCopaJEEtokEY9kx8OKciZoUzPNaSeWFIcep21vcjX323dUKhaJWz2NaT/EI8ECRrA20qBZ1OeDtOfj0YjK2TBfQDYqVctuCSK7VEY1p2ZIGTm1igsdGy1QACs0hvn3nh+RJKRCE46V6joo1v0US80Ip7NcL1E0xmSCR7RrqMAhVf10cfUMnhnFh0EkTQkNF+r3iRSHSk1Dz3SGWI/Vb28u/uV1Ex1U+ykTcaKpIMtFQcKhjuA8AugzSYnmU0MwkczcCskYS0y0CSpnQvj6FP5PWiXbqdjujVuoX67iyIITcAqKwAEXoA6uQQM0AQESPIAn8GzdW4/Wi/W6bM1Yq5lj8APW2yeAj5KN</latexit>

U(t)†

<latexit sha1_base64="wABYKi2YEwYHiUgzCUIS8iBph6s=">AAAB63icdVBNSwMxEM3Wr1q/qh69BItQL0u21rbeil48VrC10C4lm2bb0CS7JFmhLP0LXjwo4tU/5M1/Y7atoKIPBh7vzTAzL4g50wahDye3srq2vpHfLGxt7+zuFfcPOjpKFKFtEvFIdQOsKWeStg0znHZjRbEIOL0LJleZf3dPlWaRvDXTmPoCjyQLGcEmk9plczoolpCLalWv4kHkniOvUUELclE/g56L5iiBJVqD4nt/GJFEUGkIx1r3PBQbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+e3zuCJVYYwjJQtaeBc/T6RYqH1VAS2U2Az1r+9TPzL6yUmbPgpk3FiqCSLRWHCoYlg9jgcMkWJ4VNLMFHM3grJGCtMjI2nYEP4+hT+TzoV16u51ZtqqXm5jCMPjsAxKAMP1EETXIMWaAMCxuABPIFnRziPzovzumjNOcuZQ/ADztsnnnqN/A==</latexit>

U(t)

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

` = 0
<latexit sha1_base64="HbAzrQmgsoUFNL8Oxrh4v3W0VRA=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCF0siRT0WvfRYwX5AE8tmO2mXbrJhdyOWUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHCmdKO820tLa+srq0XNoqbW9s7u/beflOJVFJoUMGFbAdEAWcxNDTTHNqJBBIFHFrB8Gbitx5AKibiOz1KwI9IP2Yho0QbqWsfwn12hr0ANMG1MfZIkkjx2LVLTtmZAi8SNycllKPetb+8nqBpBLGmnCjVcZ1E+xmRmlEO46KXKkgIHZI+dAyNSQTKz6bnj/GJUXo4FNJUrPFU/T2RkUipURSYzojogZr3JuJ/XifV4ZWfsThJNcR0tihMOdYCT7LAPSaBaj4yhFDJzK2YDogkVJvEiiYEd/7lRdI8L7sX5cptpVS9zuMooCN0jE6Riy5RFdVQHTUQRRl6Rq/ozXqyXqx362PWumTlMwfoD6zPHzHYlQQ=</latexit>

e��H ⇡

Frías-Pérez, MCB, PRB 106, 115117 (2022)



computing response functions
<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, `,�) = tr(⇢�O
[`]
2 (t)O[0]

1 (0))

<latexit sha1_base64="VekqW/ERiBq1b0jVzkKJrgzFlgE=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0VQkJLE0NZd0Y07K7RaaEOYTCc6dPJg5kaoofgrblwo4tb/cOffOGkrqOiBC4dz7uXee/xEcAWm+WHMzM7NLywWlorLK6tr66WNzUsVp5KyNo1FLDs+UUzwiLWBg2CdRDIS+oJd+YPT3L+6ZVLxOGrBMGFuSK4jHnBKQEteabvlZT2fATk89yxd9mgfDrxS2awc16u2U8VmxTRrlm3lxK45Rw62tJKjjKZoeqX3Xj+macgioIIo1bXMBNyMSOBUsFGxlyqWEDog16yraURCptxsfP0I72mlj4NY6ooAj9XvExkJlRqGvu4MCdyo314u/uV1UwjqbsajJAUW0cmiIBUYYpxHgftcMgpiqAmhkutbMb0hklDQgRV1CF+f4v/JpV2xqhXnwik3TqZxFNAO2kX7yEI11EBnqInaiKI79ICe0LNxbzwaL8brpHXGmM5soR8w3j4B5XWUPQ==</latexit>

T�,O1,O2(t)

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡

double lightcone

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

` = 0

Frías-Pérez, MCB, PRB 106, 115117 (2022)

poster by 
Miguel Frías



computing response functions
<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, `,�) = tr(⇢�O
[`]
2 (t)O[0]

1 (0))

<latexit sha1_base64="R631H3Q154JMSvLkGV9awwoNhhI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmldVL3Lau2hVqnf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+6Do8u</latexit>

� = 0

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

<latexit sha1_base64="sxl9oJQz7TT893A+cHwRwJDYqqA=">AAAB/3icdVBNS8NAEN34bf2KCl68LBZBQUISQ6sHQfTiTYXWCm0Im+3WLt18sDsRSuzBv+LFgyJe/Rve/Ddu2goq+mDg8d4MM/PCVHAFtv1hTExOTc/Mzs2XFhaXllfM1bUrlWSSsjpNRCKvQ6KY4DGrAwfBrlPJSBQK1gh7p4XfuGVS8SSuQT9lfkRuYt7hlICWAnOjFuStkAE5svfOA0eXO9iB3cAs29bhQcX1Kti2bLvquE5B3Kq372FHKwXKaIyLwHxvtROaRSwGKohSTcdOwc+JBE4FG5RamWIpoT1yw5qaxiRiys+H9w/wtlbauJNIXTHgofp9IieRUv0o1J0Rga767RXiX14zg86Bn/M4zYDFdLSokwkMCS7CwG0uGQXR14RQyfWtmHaJJBR0ZCUdwten+H9y5VpOxfIuvfLxyTiOObSJttAOclAVHaMzdIHqiKI79ICe0LNxbzwaL8brqHXCGM+sox8w3j4B4LGUvg==</latexit>

T�=0,O1,O2(t)

infinite temperature

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

` = 0

Frías-Pérez, MCB, PRB 106, 115117 (2022)



computing response functions
<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, `,�) = tr(⇢�O
[`]
2 (t)O[0]

1 (0))

arbitrary distance

<latexit sha1_base64="Yd5Aj7aOWR/OLibFqDuxf27IHds=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkiXMTnqTMbM7y8ysEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8amqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3c781hMqzWX8YMYJ+hEdxDzkjBorNbsoxHWlVyy5ZXcOskq8jJQgQ71X/Or2JUsjjA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqUxjVD7k/m1U3JmlT4JpbIVGzJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8Mqf8DhJDcZssShMBTGSzF4nfa6QGTG2hDLF7a2EDamizNiACjYEb/nlVdKslL2LcvW+WqrdZHHk4QRO4Rw8uIQa3EEdGsDgEZ7hFd4c6bw4787HojXnZDPH8AfO5w8F5I7H</latexit>

` = 2
<latexit sha1_base64="b2EqV7Z+vYSTMsPFxMArr1Sx8Tw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBfsBbSib7aRd3WzC7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDt4vJn67SdUmsfy3owT9CM6lDzkjBortXooxFWtX664VXcGsky8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclHqpxoSyRzrErqWSRqj9bHbthJxYZUDCWNmShszU3xMZjbQeR4HtjKgZ6UVvKv7ndVMTXvoZl0lqULL5ojAVxMRk+joZcIXMiLEllClubyVsRBVlxgZUsiF4iy8vk9ZZ1Tuv1u5qlfp1HkcRjuAYTsGDC6jDLTSgCQwe4Ble4c2JnRfn3fmYtxacfOYQ/sD5/AEI7I7J</latexit>

` = 4

Frías-Pérez, MCB, PRB 106, 115117 (2022)



<latexit sha1_base64="WroLVvJJESH+tykm2arptK2E9oE="></latexit>

O
[i]
E :=J�

z
i �

z
i+1 +

g

2
(�x

i + �
x
i+1)

+
h

2
(�z

i + �
z
i+1)

computing response functions
tilted Ising

energy density
infinite temperature
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integrable
<latexit sha1_base64="3u2cndjLoBXDChbAUIkS5bVbm4s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQISy7Eh/HoBePEUyiJEuYncwmQ2Zml5lZISz5Ci8eFPHq53jzb5w8DppY0FBUddPdFSacaeN5305uZXVtfSO/Wdja3tndK+4fNHWcKkIbJOaxegixppxJ2jDMcPqQKIpFyGkrHN5M/NYTVZrF8t6MEhoI3JcsYgQbKz2W/Yrnnle8026x5LneFGiZ+HNSgjnq3eJXpxeTVFBpCMdat30vMUGGlWGE03Ghk2qaYDLEfdq2VGJBdZBNDx6jE6v0UBQrW9Kgqfp7IsNC65EIbafAZqAXvYn4n9dOTXQVZEwmqaGSzBZFKUcmRpPvUY8pSgwfWYKJYvZWRAZYYWJsRgUbgr/48jJpnrn+hVu9q5Zq1/M48nAEx1AGHy6hBrdQhwYQEPAMr/DmKOfFeXc+Zq05Zz5zCH/gfP4A0y6Oeg==</latexit>

(1, 0.5, 0)

<latexit sha1_base64="DGQ/h/dDcztL5nMOaApOjDtgUsU=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahQg2JtOqx6MVjBfsBbSib7aZdutnE3U2hlP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3M2vrG5lZ2O7ezu7d/kD88aqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH97N/OaISsUi8ajHMfVC3BcsYARrI3lFt3Th2k6l5NiV826+4NjOHGiVuCkpQIpaN//V6UUkCanQhGOl2q4Ta2+CpWaE02mukygaYzLEfdo2VOCQKm8yP3qKzozSQ0EkTQmN5urviQkOlRqHvukMsR6oZW8m/ue1Ex3ceBMm4kRTQRaLgoQjHaFZAqjHJCWajw3BRDJzKyIDLDHRJqecCcFdfnmVNC5t98ouP5QL1ds0jiycwCkUwYVrqMI91KAOBJ7gGV7hzRpZL9a79bFozVjpzDH8gfX5A5NKj2M=</latexit>

(1,�1.05, 0.5)
non-integrable
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computing response functions
tilted Ising

energy density
infinite temperature

<latexit sha1_base64="DGQ/h/dDcztL5nMOaApOjDtgUsU=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahQg2JtOqx6MVjBfsBbSib7aZdutnE3U2hlP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3M2vrG5lZ2O7ezu7d/kD88aqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH97N/OaISsUi8ajHMfVC3BcsYARrI3lFt3Th2k6l5NiV826+4NjOHGiVuCkpQIpaN//V6UUkCanQhGOl2q4Ta2+CpWaE02mukygaYzLEfdo2VOCQKm8yP3qKzozSQ0EkTQmN5urviQkOlRqHvukMsR6oZW8m/ue1Ex3ceBMm4kRTQRaLgoQjHaFZAqjHJCWajw3BRDJzKyIDLDHRJqecCcFdfnmVNC5t98ouP5QL1ds0jiycwCkUwYVrqMI91KAOBJ7gGV7hzRpZL9a79bFozVjpzDH8gfX5A5NKj2M=</latexit>

(1,�1.05, 0.5)
non-integrable

diffusion 
constant

Frías-Pérez, MCB, PRB 106, 115117 (2022)



finite temperature
<latexit sha1_base64="lDHw6KM796eK6P0Jr44gKvOWzyg="></latexit>

C1,2(t, `,�) = tr(⇢�O
[`]
2 (t)O[0]

1 (0))

<latexit sha1_base64="VekqW/ERiBq1b0jVzkKJrgzFlgE=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0VQkJLE0NZd0Y07K7RaaEOYTCc6dPJg5kaoofgrblwo4tb/cOffOGkrqOiBC4dz7uXee/xEcAWm+WHMzM7NLywWlorLK6tr66WNzUsVp5KyNo1FLDs+UUzwiLWBg2CdRDIS+oJd+YPT3L+6ZVLxOGrBMGFuSK4jHnBKQEteabvlZT2fATk89yxd9mgfDrxS2awc16u2U8VmxTRrlm3lxK45Rw62tJKjjKZoeqX3Xj+macgioIIo1bXMBNyMSOBUsFGxlyqWEDog16yraURCptxsfP0I72mlj4NY6ooAj9XvExkJlRqGvu4MCdyo314u/uV1UwjqbsajJAUW0cmiIBUYYpxHgftcMgpiqAmhkutbMb0hklDQgRV1CF+f4v/JpV2xqhXnwik3TqZxFNAO2kX7yEI11EBnqInaiKI79ICe0LNxbzwaL8brpHXGmM5soR8w3j4B5XWUPQ==</latexit>

T�,O1,O2(t)

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡

double lightcone more efficient but only approximate

<latexit sha1_base64="I2soglLQOCWdP6A4Rh8+PUyJYX4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtKu3WTD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmlqmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4Kce32yhW36s5AlomXkwrkqPfKX92+ZGmEsWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWBrTCLWfza6dkBOr9Ekola3YkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQGVbAje4svLpHlW9S6q5/fnldpNHkcRjuAYTsGDS6jBHdShAQwe4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gAC3I7F</latexit>

` = 0

L. Cesari, M. Frías, ongoing work

systematical improvement with Trotter step
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alternative: give up 
description of the full state
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exploring properties of quantum many-
body systems at finite energy density

generalized 
density of states

can be connected to 
equilibrium and non-

equilibrium properties
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energy filter

filter as ensemble

diagonal in energy eigenbasis ⇒ microcanonical

E
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filtering a state

decrease energy variance ⇒ microcanonical

BUT in general, entanglement of 
filtered state grows
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implementing the filter

Gaussian operator ⇒ not local
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implementing the filter

Gaussian filter ⇒ approximated by series of 
evolutions
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can be run in a quantum simulator 
or simulated with TNS 

Lu et al. PRX Q2, 02032 (2021); Yang et al PRB 106, 024307 (2022) 



classical (TNS) simulation
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alternative use of TN to get dynamical 
properties

To concludeThanks for your attention!

key: entanglement in space vs time

Frías-Pérez, MCB, PRB 106, 115117 (2022)
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