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This is a 2-hours introduction to J-holomorphic curves and serves as a preparation for Urs Frauenfelder’s
course on the restricted three body problem, see [5] for the lecture notes.

J-holomorphic curves were introduced in the seminal paper by Gromov [6] in ’85 an revolutionized the
field of symplectic topology. The paper contains many results that are considered to be foundations to the
field of symplectic topology. In this lecture, we will focus on the Gromov non-squeezing theorem, which
gives as a good motivation why to study J-holomorphic curves and their moduli space. We will outline
the original proof by Gromov and leave some exercises on the way. The correction of the exercises will be
available later this week on my webpage. Some of the exercises are easy, and some are relatively hard.

I also include a bibliography for further information on J-holomorphic curves and related material. The
standard references are Wendl’s lectures notes [1] and the book by McDuff–Salamon [2]. For a short outreach
text by Donaldson see [7]. Schlenk’s lecture notes [3] explains the proof of Gromov’s original paper. For a
basic introduction on symplectic geometry see [4].

1 Exercises

Exercise 1 Let ϕ : (M,ω1)→ (N,ω2) then ϕ preserves the volume.

Exercise 2 Prove that there is a volume preserving embedding ϕ : B2n(a)→ Z2n(A) for A < a. Prove that
this is not true for linear symplectomorphisms (for the standard symplectic structure of course).

Exercise 3 Check that ω0(u, v) = g0(J0u, v) and that g0(J0u, J0v) = g(u, v) where ω0 denotes the standard
symplectic structure, J0 the standard complex and g0 the standard inner product on R2n. Check that if
φ : R2n → R2n preserves ω0 and J0 then ϕ also preserves g0.

Exercise 4 Prove that if S is a proper complex submanifold of B2n(a) (for the standard complex structure)
passing through the origin, then a ≤ areag0(S). To prove this follow the following hints:

1. Let Σ(r) ⊂ B2n(r) ⊂ Cn an orientable surface whose boundary lies in S2n−1(r). Denote the symplectic
area of Σ by Aω(r) and the Riemannian length of ∂Σ by L(r). Prove that the following inequalities
hold:

d

dr
Aω(r) ≥ L(r) ≥ 2A(r)

r
.

2. Prove that if a loop in S2n−1(r) has length strictly less than 2πr then it is contained in a hemisphere
of S2n−1(r).

3. Conclude the exercise.

Exercise 5 Prove that if J : V → V is a complex structure on a vector space V , then dimV = 2n.

Exercise 6 Let (M,ω) be a symplectic manifold and denote by J (M,ω) = {J almost complex structure compatible with ω}.
Prove that J is contractible following the following hints: Consider a symplectic vector space (V,Ω) of di-
mension 2n and a Lagrangian subspace L0, i.e. dimL0 = n and Ω|L0

= 0. Denote by L(V,Ω, L0) the set of
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Lagrangian subspaces that are transverse to L0. Denote by G0 the space of all positive inner products on L0.
Consider the map

Φ : J (V,Ω)→ L(V,Ω, L0)× G(L0)

J 7→ (JL0, GJ |L0)

Show that

1. Φ is well-defined.

2. Φ is a bijection.

3. L(V,Ω, L0) and G(L0) are contractible.

Exercise 7 Let (M,ω) be a symplectic manifold and J a compatible almost complex structure. Show that
if u : (Σ, j)→ (M,J) is a J-holomorphic curve that then ∂su and ∂tu are orthogonal and have same length
for the compatible metric. Prove that AreagJ (u) =

∫
Σ
u∗ω.
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