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Introduction and motivation
Geometry of SUSY curves
Moduli of SUSY curves

Geometry and Physics
Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.
@ Supergeometry
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Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.
@ Supergeometry

o Geometric framework where anti-commutative (fermionic)
variables live.
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Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.
@ Supergeometry
o Geometric framework where anti-commutative (fermionic)
variables live.
o Studies supermanifolds or supervarieties.

e,
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Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.

@ Supergeometry
o Geometric framework where anti-commutative (fermionic)
variables live.
e Studies supermanifolds or supervarieties.
e Various approaches (Kostant-Leites, De Witt, Rogers).
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Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.

@ Supergeometry
o Geometric framework where anti-commutative (fermionic)
variables live.
e Studies supermanifolds or supervarieties.
e Various approaches (Kostant-Leites, De Witt, Rogers).
o After Kostant and Manin, the Kostant model prevailed.
Moreover, the definition can be also adapted for holomorphic
and algebraic varieties (or schemes).
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Superschemes and morphisms

Supervarieties

Relationship between Geometry and Physics is a long story.
One of the aspects of this fruitful intertwinement is Supergeometry.

@ Supergeometry

o Geometric framework where anti-commutative (fermionic)
variables live.

e Studies supermanifolds or supervarieties.

e Various approaches (Kostant-Leites, De Witt, Rogers).

o After Kostant and Manin, the Kostant model prevailed.
Moreover, the definition can be also adapted for holomorphic
and algebraic varieties (or schemes).

o Differentiable supermanifods have locally graded coordinates
(z1,--+,2m,01,...,0p), |zil = 0 (even), |6;] =1 (odd). The

algebra of superfunctions is the Z»-graded algebra ZS\
S i
/\C <017 R ,9n> n‘\‘ll\*‘\\‘\\(\'\ %00./“';5)
where C =C®(z1,...,2zm).
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Superschemes and morphisms

Supersymmetric curves

e Supersymmetric (SUSY) curves were introduces because their
moduli seemed to be right integration space to compute the
scattering amplitudes of the supersymmetric string.
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Superschemes and morphisms

Supersymmetric curves

e Supersymmetric (SUSY) curves were introduces because their
moduli seemed to be right integration space to compute the
scattering amplitudes of the supersymmetric string.

@ For the bosonic string, these are computed by integrating the
Polyakov measure on a compactification of the moduli spaces
of algebraic curves (or Riemann surfaces).
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Superschemes and morphisms

Supersymmetric curves

e Supersymmetric (SUSY) curves were introduces because their
moduli seemed to be right integration space to compute the
scattering amplitudes of the supersymmetric string.

@ For the bosonic string, these are computed by integrating the
Polyakov measure on a compactification of the moduli spaces
of algebraic curves (or Riemann surfaces).

@ The compactification introduces poles in the measure,
fermions were introduce to compensate them.
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Superschemes and morphisms

Supersymmetric curves

e Supersymmetric (SUSY) curves were introduces because their
moduli seemed to be right integration space to compute the
scattering amplitudes of the supersymmetric string.

@ For the bosonic string, these are computed by integrating the
Polyakov measure on a compactification of the moduli spaces
of algebraic curves (or Riemann surfaces).

@ The compactification introduces poles in the measure,
fermions were introduce to compensate them.

@ Since then, the moduli of SUSY curves has attracted a lot of
attention. We will come again to this point. i ‘(S‘_v‘;
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.

A superscheme is a couple X = (X, Ox) where
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.

A superscheme is a couple X = (X, Ox) where

@ X is a (ordinary) scheme
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.

A superscheme is a couple X = (X, Ox) where

Q@ X is a (ordinary) scheme
@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.

Definition

A superscheme is a couple X = (X, Ox) where
Q@ X is a (ordinary) scheme
@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.

Q IfJ = (Ox1)?® Ox (ideal generated by the odd elements),
then
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.

Definition

A superscheme is a couple X = (X, Ox) where
Q@ X is a (ordinary) scheme
@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.

Q IfJ = (Ox1)?® Ox (ideal generated by the odd elements),
then

0 Ox=0x/T

N
o ﬂ»E

VNIiVERSIDAD ‘-‘J"

BSALAMANCA % o
2 00 A~D)
1218~2018

Daniel Hernandez Ruipérez SUSY curves



Introduction and motivation Easriieimy amd) Bl

Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.
A superscheme is a couple X = (X, Ox) where

Q@ X is a (ordinary) scheme

@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.

Q IfJ = (Ox1)?® Ox (ideal generated by the odd elements),
then

0 Ox=0x/T

@ G0y =0x®J/J*®J?/J3@ ... is a coherent
Ox-module and locally Ox = G7Ox
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.
A superscheme is a couple X = (X, Ox) where

Q@ X is a (ordinary) scheme

@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.

Q IfJ = (Ox1)?® Ox (ideal generated by the odd elements),
then

0 Ox=0x/T

@ G0y =0x®J/J*®J?/J3@ ... is a coherent
Ox-module and locally Ox = G7Ox
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Superschemes and morphisms

Superschemes

We give definitions in the algebraic case. For simplicity, all
algebraic varieties are noetherian and locally of finite type over C.
A superscheme is a couple X = (X, Ox) where

Q@ X is a (ordinary) scheme

@ Oyx is a Zp-graded commutative algebra, Ox = Ox o @© Ox 1.

Q IfJ = (Ox1)?® Ox (ideal generated by the odd elements),
then

0 Ox=0x/T

@ G0y =0x®J/J*®J?/J3@ ... is a coherent
Ox-module and locally Ox = G7Ox

\ —
VNIVERSIDAD "3":“:
A superscheme X is locally split if £ = J/J? is a locallyfree %0 a*2

Ox-module and A € =% G70x.
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Superschemes and morphisms

Morphisms

Superschemes are graded-commutative locally ringed spaces.

A morphism f: X = (X,0x) - Z = (Z,0z) is a morphism of
graded-commutative locally ringed spaces: It is given by a
continuous map f: X — Z and a (homogeneous of degree 0) local
morphism of graded-commutative algebras f;: Oz — Oy.

The projection Oy — Ox = Ox/J — 0 induces a closed
immersion of superschemes.

i X=X
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Superschemes and morphisms

Morphisms

Superschemes are graded-commutative locally ringed spaces.

A morphism f: X = (X,0x) - Z = (Z,0z) is a morphism of
graded-commutative locally ringed spaces: It is given by a
continuous map f: X — Z and a (homogeneous of degree 0) local
morphism of graded-commutative algebras f;: Oz — Oy.

The projection Oy — Ox = Ox/J — 0 induces a closed
immersion of superschemes.

i X=X

@ X is projected if there is a retraction p: X — X, poi=Id
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Superschemes and morphisms

Morphisms

Superschemes are graded-commutative locally ringed spaces.

A morphism f: X = (X,0x) - Z = (Z,0z) is a morphism of
graded-commutative locally ringed spaces: It is given by a
continuous map f: X — Z and a (homogeneous of degree 0) local
morphism of graded-commutative algebras f;: Oz — Oy.

The projection Oy — Ox = Ox/J — 0 induces a closed
immersion of superschemes.

i X=X

@ X is projected if there is a retraction p: X — X, poi=Id
o X is split if £ is locally free and Ox = A\, € (globally). ‘ZrS:f
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Superschemes and morphisms

Morphisms

Superschemes are graded-commutative locally ringed spaces.

A morphism f: X = (X,0x) - Z = (Z,0z) is a morphism of
graded-commutative locally ringed spaces: It is given by a
continuous map f: X — Z and a (homogeneous of degree 0) local
morphism of graded-commutative algebras f;: Oz — Oy.

The projection Oy — Ox = Ox/J — 0 induces a closed
immersion of superschemes.

i X=X

@ X is projected if there is a retraction p: X — X, poi=Id
o X is split if £ is locally free and Ox = A\, € (globally). ‘ZrS:f
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Superschemes and morphisms

Morphisms

Superschemes are graded-commutative locally ringed spaces.

A morphism f: X = (X,0x) - Z = (Z,0z) is a morphism of
graded-commutative locally ringed spaces: It is given by a
continuous map f: X — Z and a (homogeneous of degree 0) local
morphism of graded-commutative algebras f;: Oz — Oy.

The projection Oy — Ox = Ox/J — 0 induces a closed
immersion of superschemes.

i X=X

@ X is projected if there is a retraction p: X — X, poi=Id
o X is split if £ is locally free and Ox = A\, € (globally). ES\J

VNIVERSIDAD

e Split = projected A 300 A0}

1218~2018

e Differentiable supermanifolds are always split (non canonically)
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Superschemes and morphisms

First properties

Familiar notions of fibre products, diagonal of a morphism,
cotangent (graded differentials) and tangent (graded derivations)
sheaves, proper, flat, faithfully flat, separated, smooth, étale
morphisms, and many others are readily extended for
superschemes.

.
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Superschemes and morphisms

First properties

Familiar notions of fibre products, diagonal of a morphism,
cotangent (graded differentials) and tangent (graded derivations)
sheaves, proper, flat, faithfully flat, separated, smooth, étale
morphisms, and many others are readily extended for
superschemes.

If X is locally split, one has 0 — £ = J/j2 — *Qy — Qx — 0.
This gives

(MQx)o = Qx, €= (I"Qux)1.

3
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Superschemes and morphisms

Smooth superschemes

Definition

A superscheme X is smooth of dim (m, n) if X is irreducible and
Qu is locally free of rank (m, n).
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Superschemes and morphisms

Smooth superschemes

Definition

A superscheme X is smooth of dim (m, n) if X is irreducible and
Qu is locally free of rank (m, n).

@ A smooth superscheme is locally split.

e,
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Superschemes and morphisms

Smooth superschemes

Definition

A superscheme X is smooth of dim (m, n) if X is irreducible and
Qu is locally free of rank (m, n).

@ A smooth superscheme is locally split.

@ There exist local coordinates (z1,...,2zm,01,...,6n), |zi| =0
(even), |6;] =1 (odd) such that Qx is locally generated by
(le, ey dZm, d(gl, ceey d@n)
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Superschemes and morphisms

Smooth superschemes

Definition

A superscheme X is smooth of dim (m, n) if X is irreducible and
Qu is locally free of rank (m, n).

@ A smooth superscheme is locally split.

@ There exist local coordinates (z1,...,2zm,01,...,6n), |zi| =0
(even), |6;] =1 (odd) such that Qx is locally generated by
(le7 ey dZm, d91, ceey d@n)

Definition

A morphism f: X — Y of superschemes is smooth of relative N
dimension (m, n) if it is flat and for every (closed) point y € J the ’ij
fibre X, of f over y is a smooth scheme of dimension (m, n).

Daniel Hernandez Ruipérez SUSY curves
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Cwietn ¢ AU arves SUSY curves over ordinary schemes

Supercurves

Definition

A supercurve is a (proper and smooth) superscheme of dim (1,1).

Now £ = J/J? = J is a line bundle, and one has Oy = Ox & L,
that is, every supercurve is split.

e,
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

Supercurves

Definition

A supercurve is a (proper and smooth) superscheme of dim (1,1).

Now £ = J/J? = J is a line bundle, and one has Oy = Ox & L,
that is, every supercurve is split.

Definition

A (relative) supercurve of genus g over a superscheme S is a
proper and smooth morphism of superschemes w: X — S of
relative dimension (1,1) whose ordinary fibres have genus g.

zS‘ y
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

Supercurves

Definition

A supercurve is a (proper and smooth) superscheme of dim (1,1).

Now £ = J/J? = J is a line bundle, and one has Oy = Ox & L,
that is, every supercurve is split.

Definition

A (relative) supercurve of genus g over a superscheme S is a
proper and smooth morphism of superschemes w: X — S of
relative dimension (1,1) whose ordinary fibres have genus g.
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

Supercurves

Definition

A supercurve is a (proper and smooth) superscheme of dim (1,1).

Now £ = J/J? = J is a line bundle, and one has Oy = Ox & L,
that is, every supercurve is split.

Definition

A (relative) supercurve of genus g over a superscheme S is a
proper and smooth morphism of superschemes w: X — S of
relative dimension (1,1) whose ordinary fibres have genus g.

When § = S is an ordinary scheme, we still have

Ox=0x®L & (6>,
\\i\ll\\\\l\.u
. N‘\‘\I"\‘\‘\\(.\ %00 AV;BJ
for a line bundle £ on X as above.

If S has fermionic part, this may fail to be true.
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Sy 6 USY @ SUSY curves over ordinary schemes

Definition of SUSY curve

Definition

A SUSY curve over a superscheme S of genus g is a relative
supercurve m: X — S of genus g endowed with a superconformal
structure, that is, a locally free subsheaf of rank (0,1) of the
relative tangent sheaf, D — ©y s, such that the composition

D®op, D u> @X/S — eX/S/D

is an isomorphism of Ox-modules.

Faey

v
o ES\
S -
b ﬂ»t
VNIVERSIDAD “

H‘\‘\I‘\‘\\\('\ 00 Afoj
1218~2018

That is, D is totally non-integrable.
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Moduli of SUSY curves

SUSY curves
SUSY curves over ordinary schemes

SUSY curves and spin curves

Locally, there exist superconformal relative graded coordinates
(z,0) such that

o 9 ]
D=(D), D= ;t+05: DD o

When S = S is a scheme, so that Oy = Ox ® L, one has
o "D=D®p, Ox =% L1

o
S . (
VNIiVERSiDAD
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

SUSY curves and spin curves

Locally, there exist superconformal relative graded coordinates
(z,0) such that

o 9 ]
D=(D), D= ;t+05: DD o

When S = S is a scheme, so that Oy = Ox ® L, one has
o i"D=D®p, Ox % L7}
o D> L1 ®0, (Ox)7, (M is the parity change funtor)

o
S . (
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SUSY curves

Geometrylofis oNgeuives SUSY curves over ordinary schemes

SUSY curves and spin curves

Locally, there exist superconformal relative graded coordinates
(z,0) such that

o 9 ]
D=(D), D= ;t+05: DD o

When S = S is a scheme, so that Oy = Ox ® L, one has
o i"D=D®p, Ox % L7}
o D> L1 ®0, (Ox)7, (M is the parity change funtor)

o L®o, L KX/S i.e. L is a spin structure on X, £ = /4;;//25.

o
S . E
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

SUSY curves and spin curves

Locally, there exist superconformal relative graded coordinates
(z,0) such that

o 9 ]
D=(D), D= ;t+05: DD o

When S = S is a scheme, so that Oy = Ox ® L, one has
o i"D=D®p, Ox % L7}
o D> L1 ®0, (Ox)7, (M is the parity change funtor)

o L®o, L KX/S i.e. L is a spin structure on X, £ = /4;;//25.

o
S . E
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Geometrylofis oNgeuives SUSY curves over ordinary schemes

SUSY curves and spin curves

Locally, there exist superconformal relative graded coordinates
(z,0) such that

o 9 ]
D=(D), D= ;t+05: DD o

When S = S is a scheme, so that Oy = Ox ® L, one has
o "D=D®p, Ox =% L}
o D> L1 ®0, (Ox)7, (M is the parity change funtor)
o L®o, L KX/S i.e. L is a spin structure on X, £ = K};/fs.

= For an ordinary scheme S:

{SUSY curves} o {Relatlve Spin curves}\\ﬁi:.\. @J{

(X = S,D) (X = S, L) Gy

1218~2018
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Introduction and motivation SUSYAChes

Geometry of SUSY curves 5
Moduli of SUSY curves SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X - 8,D), (n': X' - 8,D') SUSY curves over S.

A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

P
o M ‘
VNIVERSIDAD

et o0 Afof
1218~2018
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X - 8,D), (n': X' - 8,D') SUSY curves over S.

A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

o X =(X,0x®L)— S, SUSY curve over a scheme S, so that
L&L ™ HX/S-

i
o) )
VNIiVERSiDAD
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X - 8,D), (n': X' - 8,D') SUSY curves over S.

A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

o X =(X,0x®L)— S, SUSY curve over a scheme S, so that
L&L ™ HX/S-
@ An automorphism of the SUSY curve is a pair (¢o, ¢1) where

i p
) al
VNIiVERSiDAD
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X = 8,D), (' X' = 8, D') SUSY curves over S.
A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

o X =(X,0x®L)— S, SUSY curve over a scheme S, so that

L&L ™ HX/S-
@ An automorphism of the SUSY curve is a pair (¢o, ¢1) where
e ¢p is an automorphism of X/S.

i p
e al
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X = 8,D), (' X' = 8, D') SUSY curves over S.
A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.
o X =(X,0x®L)— S, SUSY curve over a scheme S, so that
L&L ™ HX/S-
@ An automorphism of the SUSY curve is a pair (¢o, ¢1) where

e ¢p is an automorphism of X/S.
e ¢ is an automorphism of £ such that the isomorphism

L® L™ Kkxys is preserved.
& '
VNIVERSiDAD @k
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X - 8,D), (n': X' - 8,D') SUSY curves over S.

A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

o X =(X,0x®L)— S, SUSY curve over a scheme S, so that
L&L ™ HX/S-
@ An automorphism of the SUSY curve is a pair (¢o, ¢1) where

e ¢p is an automorphism of X/S.
e ¢ is an automorphism of £ such that the isomorphism
L® L™ Kkxys is preserved.
e In particular, if ¢g = Id, then ¢; = +1. & sz
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B SALAMANCA % 3
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Morphisms of SUSY curves

(m: X - 8,D), (n': X' - 8,D') SUSY curves over S.

A morphism of SUSY curves over S is a morphism ¢: X — X’ of
S superschemes that preserves the superconformal structure, i.e.
such that ¢, D C D'.

o X =(X,0x®L)— S, SUSY curve over a scheme S, so that
L&L ™ HX/S-
@ An automorphism of the SUSY curve is a pair (¢o, ¢1) where

e ¢p is an automorphism of X/S.
e ¢ is an automorphism of £ such that the isomorphism
L® L™ Kkxys is preserved.
e In particular, if ¢g = Id, then ¢; = +1. & sz

YNIVERSIDAD

Then, a SUSY curve has always a non trivial automorphiSHe.  Re0 asss
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SUSY curves

Geometrylofis oNgeuives SUSY curves over ordinary schemes

Infinitesimal deformations

SUSY curve m: X — S.
We define a sheaf G on X by

G(U) ={D' € Der(Ox)|[D’, D] € D(V),for every D € D(U)}
g7r = g N eX/S

Proposition (LeBrun-Rothstein)
Gr = D ® D as sheaves of Og-modules.

Then,
Gr = k21 @ kY2 (even and odd parts)

It follows that if g > 2, one has: (i) ES\A

VNIVERSIDAD
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SUSY curves

Geometrylofis oNgeuives SUSY curves over ordinary schemes

Infinitesimal deformations

SUSY curve m: X — S.
We define a sheaf G on X by

G(U) ={D' € Der(Ox)|[D’, D] € D(V),for every D € D(U)}
g7r = g N eX/S

Proposition (LeBrun-Rothstein)
Gr = D ® D as sheaves of Og-modules.

Then,
Gr = k2 @ kY2 (even and odd parts)
It follows that if g > 2, one has: ;m ESA
o m.Gr=0. DAANA o0 adey
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SUSY curves

Geometrylofis oNgeuives SUSY curves over ordinary schemes

Infinitesimal deformations

SUSY curve m: X — S.
We define a sheaf G on X by

G(U) ={D' € Der(Ox)|[D’, D] € D(V),for every D € D(U)}
g7r = g N eX/S

Proposition (LeBrun-Rothstein)
Gr = D ® D as sheaves of Og-modules.

Then,
Gr = k2 @ kY2 (even and odd parts)
It follows that if g > 2, one has: ;m ES\A
o m.Gr=0. DAANA o0 adey

1218~2018

o R'7.G, is a locally free sheaf of rank (3g — 3,2g — 2).
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SUSY curves

Sy 6 USY @ SUSY curves over ordinary schemes

Infinitesimal deformations, Il

Consider Cleo, €1] (|ei] = i, €2 = €3 = ege1 = 0) and
3[60, 61] =S XSpec(C Spec (C[Go, 61]

Definition

An infinitesimal deformation of a SUSY curve w: X — S is a
relative SUSY curve 7t: X — Sleo, €1] such that

X— X
G L
S Sleo, €]
is cartesian. )
Sheaf of infinitesimal deformations on S: “H @J{
“‘\‘\l‘\‘\\\('\ %00 A’;BJ
U = Infyer (X /S)(U) = Infaer (Xu/S|u)
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SUSY curves
Geometrylofis oNgeuives SUSY curves over ordinary schemes

Kodaira-Spencer map

Then
Infyer(X/S) = R'7.G, .
From
055G, —» G 105 - 0.
one gets

The (relative) Kodaira-Spencer map of m: X — S is the
composition

kS,e/(TF)Z Os — Rlﬂ*(gﬂ)

of the natural morphism ©5 — m,(7*Os) =% Os @ m,(Ox) with |
the connecting morphism 7,(7*0s) — Rm.(Gx).

~Df
2018
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on superschemes

From now on all superschemes are locally split.
Presheaf of relative supercurves of genus g of superschemes:

v 560) = {

Isomorphism classes of relative SUSY curves
m: X — )Y of genus g

Definition

The sheaf of relative supercurves of genus g is the associated sheaf
SCq to SC, for the étale topology of superschemes.

Moduli problem: To find superscheme SM, = (SM,, Osa,)
representing SCg: For every superscheme ), ) ,
L] ZS‘ 7
[ ] \\i\llv\:w\l\\! ;‘t
SMG(Y) := Homss(V, SMyg) = SCq () IHENE g s

1218~2018

where Homgs means superscheme morphisms.
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes

If the supermoduli SM, exists, its underlying ordinary scheme
SM;g verifies

Homsen(Y, SMg) = Homgs(Y,SMg) = SCe(Y)

where Hom,., means scheme morphisms.
= SMy; is the moduli space for the functor SCg|scp.
Let's see that SCyscp is representable on schemes.

@ From now, we assume that curves have genus g > 2 and a
n-level structure (n > 3) so that they have no automorphisms

but the identity.

N‘\‘\I‘—\‘\‘\\(.'\ 00 Afoj
1218~2018
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes

If the supermoduli SM, exists, its underlying ordinary scheme
SMy verifies

Homsen(Y, SMg) = Homgs(Y,SMg) = SCe(Y)

where Hom,., means scheme morphisms.
= SMy; is the moduli space for the functor SCg|scp.
Let's see that SCyscp is representable on schemes.

@ From now, we assume that curves have genus g > 2 and a
n-level structure (n > 3) so that they have no automorphisms
but the identity.

@ Then there exist a fine moduli space M, and a univegsal

all

relative genus g curve mg: Xz — Mg representing thettodulj = -
functor M of curves of genus g on schemes.
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Introduction and motivation Local structure of the supermoduli
Geometry of SUSY curves Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, Il

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
Lb. class’ Tg € Pic(J? xp, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

o
S . (
VNIiVERSiDAD

o bt %00 A0y
1218~2018
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, |l

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
Lb. class’ Tg € Pic(J? xp, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

® Kk = kx, /M, defines a section My — J2672 of J2672 - M.

i
o) )
VNIiVERSiDAD

AN Bo0 ArDf
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, |l

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
l.b. class’ T4 € Pic(J? X M, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

® Kk = kx, /M, defines a section My — J2672 of J2672 - M.

o Define SM, := i, '[x] C J&7L.

i
o) W)
VNIiVERSiDAD

AN Bo0 ArDf
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, |l

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
Lb. class’ Tg € Pic(J? xp, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

® Kk = kx, /M, defines a section My — J2672 of J2672 - M.

o Define SM, := i, '[x] C J&7L.

o p: SMy — M is an étale covering of degree 226, = SM,
is a quasi-projective scheme of dimension 3g — 3.

Y p
<l "1’.
VNIVERSIDAD “
BSALAMANCA % -
T 00 A~D)
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, |l

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
Lb. class’ Tg € Pic(J? xp, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

® Kk = kx, /M, defines a section My — J2672 of J2672 - M.

o Define SM, := i, '[x] C J&7L.

o p: SMy — M is an étale covering of degree 226, = SM,
is a quasi-projective scheme of dimension 3g — 3.

Y p
<l "1’.
VNIVERSIDAD “
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli functor of SUSY curves on schemes, |l

For every degree d there exist the relative Jacobian (or Picard
scheme) py: J9 = J9(Xg/Mg) — Mg and a universal ‘degree d
l.b. class’ T4 € Pic(J? X M, Xg)/J9).

o yp: JE~1 — J2%872 = ‘raising to two'.

® Kk = kx, /M, defines a section My — J2672 of J2672 - M.

o Define SM, := i, '[x] C J&7L.

o p: SMy — M is an étale covering of degree 226, = SM,

is a quasi-projective scheme of dimension 3g — 3.
One has
Xg = Xg Xm, SMg — Xg . ,
e, B

SMg Mg BSALANANCA %00 ARDY

1218~2018
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes

Moreover, if T, = 'T‘g_1|5Mg € Pic(Xg/SMjg),

T§ =[rks] (ks = “Xg/SMg)-

Proposition

SMg, endowed with the section T of SC;(SMyg), represents the
functor SCg of spin curves (or SUSY curves) on schemes.

i
o) W)
VNIiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes

Moreover, if T, = 'Y‘g_1|5Mg € Pic(Xg/SMjg),

T§ =[rks] (ks = “Xg/SMg)-

Proposition

SMg, endowed with the section T of SC;(SMyg), represents the
functor SCg of spin curves (or SUSY curves) on schemes.

@ A line bundle Ls of relative degree g — 1 on X, such that
Ts = [Ls], may fail to exist.

i p
) al
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Local structure of the supermoduli

Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes

Moreover, if T, = ’Y‘g_1|5Mg € Pic(Xg/SMjg),

Ts=[rs] (ks = “Xg/SMg)-

Proposition

SMg, endowed with the section T of SC;(SMyg), represents the
functor SCg of spin curves (or SUSY curves) on schemes.

@ A line bundle Ls of relative degree g — 1 on X, such that
Ts = [Ls], may fail to exist.

o Even if it existed, one only can say that £2 = ks @ 7 2 (W) for

a line bundle  on SM;. m ZS%
VNiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes

Moreover, if T, = ’Y‘g_1|5Mg € Pic(Xg/SMjg),

Ts=[rs] (ks = “Xg/SMg)-

Proposition

SMg, endowed with the section T of SC;(SMyg), represents the
functor SCg of spin curves (or SUSY curves) on schemes.

@ A line bundle Ls of relative degree g — 1 on X, such that
Ts = [Ls], may fail to exist.

o Even if it existed, one only can say that £2 = ks @ 7 2(N) for
a line bundle N on SM,. m' @JZ

VNIVERSIDAD “

o Then (mg: Xy — SMg, Ts) is not a true 'supercurve™but a %o~
'supercurve cIass .
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Introduction and motivation Local structure of the supermoduli
Geometry of SUSY curves Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes, Il

However, there exists an affine trivializing étale covering
p: U — SMg, such that, if my: Xy = p* Xy — U and T = p*Tj,
there exist a line bundle £ on Xy of relative degree g — 1 with

T=L2, L2=ky = Kxy/U -

o
S ﬁg
VNIiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes, Il

However, there exists an affine trivializing étale covering
p: U — SMg, such that, if my: Xy = p* Xy — U and T = p*Tj,
there exist a line bundle £ on Xy of relative degree g — 1 with

T=L2, L2=ky = Kxy/U -

Now, my: Xy = (Xu,Ox, ® L) — U is a 'locally universal’ SUSY
curve on schemes.

i p
e al
VNIiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Moduli scheme of Spin curves on schemes, Il

However, there exists an affine trivializing étale covering
p: U — SMg, such that, if my: Xy = p* Xy — U and T = p*Tj,
there exist a line bundle £ on Xy of relative degree g — 1 with

T=L2, L2=ky = Kxy/U -

Now, my: Xy = (Xu,Ox, ® L) — U is a 'locally universal’ SUSY

curve on schemes.

Since U — SMg; — My is étale, the even Kodaira-Spencer map of

my: Xy — U is an isomorphism. _ ES*
af

M\\I\—\*\.\\(.'\ 00 Afoj
1218~2018
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Introduction and motivation Local structure of the supermoduli
Geometry of SUSY curves Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local fermionic structure of the supermoduli

So far, we know that, if it existed, the supermoduli has the form
SMg = (SMg, Osp,).

1218~2018
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Introduction and motivation Local structure of the supermoduli
Geometry of SUSY curves Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local fermionic structure of the supermoduli

So far, we know that, if it existed, the supermoduli has the form
SMg = (SMg, Osp,).
Moreover, Osa, has to be locally isomorphic to /\Osm E.

g

°
E* = [Der(Osa,, Osm, )1 »

o
S . (
VNIiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local fermionic structure of the supermoduli

So far, we know that, if it existed, the supermoduli has the form
SMg = (SMg, Osp,).
Moreover, Osa, has to be locally isomorphic to /\Osm E.

g

°
E* = [Der(Osa,, Osm, )1 »

@ Der(Osm,,Osm,) can be identified with the space of
morphisms Osat, — Osy,[€o, €1] that induce the identity on
the even part of the first component.

i p
i ol
VNIVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local fermionic structure of the supermoduli

So far, we know that, if it existed, the supermoduli has the form
SMg = (SMg, Osp,).
Moreover, Osa, has to be locally isomorphic to /\Osm E.

g

°
E* = [Der(Osa,, Osm, )1 »

@ Der(Osm,,Osm,) can be identified with the space of
morphisms Osat, — Osy,[€o, €1] that induce the identity on
the even part of the first component.

o Thus, Der(Osnm,, Osm, ) is isomorphic with the subspace of
the elements in Hom(SMg[eo, €1], SMY') ~ SCg(SMg|eo, €1])
whose restriction to Hom(SMg, SM) =~ SCg(SMg) produce
the identity morphism. ) EYS:J(

VNIVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local fermionic structure of the supermoduli

So far, we know that, if it existed, the supermoduli has the form
SMg = (SMg, Osp,).
Moreover, Osa, has to be locally isomorphic to /\Osm E.

g

°
E* = [Der(Osa,, Osm, )1 »

@ Der(Osm,,Osm,) can be identified with the space of
morphisms Osat, — Osy,[€o, €1] that induce the identity on
the even part of the first component.
o Thus, Der(Osnm,, Osm, ) is isomorphic with the subspace of
the elements in Hom(SMg[eo, €1], SMY') ~ SCg(SMg|eo, €1])
whose restriction to Hom(SMg, SM) =~ SCg(SMg) produce
the identity morphism. w‘ EKSEJZ
@ They are infinitesimal deformations of the ‘univers’a‘i‘i"\f"é‘iétive%if\_ﬁ‘f‘:i
supercurve class’ (X — SM,, Ts). |
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Introduction and motivation Local structure of the supermoduli
Geometry of SUSY curves Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.

e

.
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.

—> we describe the infinitesimal deformations of the ‘locally
universal SUSY curve’ 7y: Xy = (Xy,0x, & L) — Uon a
trivializing cover U — SMj,.

o Infuer(Xy/U) = RmyuGr 2% Rimyu(rgt @ k'),

i p
) al
VNIiVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.

—> we describe the infinitesimal deformations of the ‘locally
universal SUSY curve’ 7y: Xy = (Xy,0x, & L) — Uon a
trivializing cover U — SMj,.

o Infuer(Xy/U) = RmyuGr 2% Rimyu(rgt @ k'),

o & = [Rimy(kyt @ /4;&1/2)]1 = Rlﬂ'U*(HZjl/z).X

i p
oo af
VNIVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.

—> we describe the infinitesimal deformations of the ‘locally
universal SUSY curve’ 7y: Xy = (Xy,0x, & L) — Uon a
trivializing cover U — SMj,.

o Infuer(Xu/U) = RimyGr = Rimyu(kyt @ RUW).
o & = [Rimy(kyt @ /{1/2)]1 = Rlﬂ'U*(FCU %).x

o &% Rlmy.(ky 1/2 )~ WU*(H‘Z/z) (relative duality for ).

&3
5
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.

—> we describe the infinitesimal deformations of the ‘locally
universal SUSY curve’ 7y: Xy = (Xy,0x, & L) — Uon a
trivializing cover U — SMj,.

o Infuer(Xu/U) = RimyGr = Rimyu(kyt @ RUW).
o & = [Rimy(kyt @ /{1/2)]1 = Rlﬂ'U*(FCU %).x

o &% Rlmy.(ky 1/2 )~ WU*(H‘Z/z) (relative duality for ).

&3
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Local structure on a trivializing cover

To describe such infinitesimal deformations, we describe them
‘locally’.
—> we describe the infinitesimal deformations of the ‘locally
universal SUSY curve’ 7y: Xy = (Xy,0x, ® L) = Uon a
trivializing cover U — SMj,.

o Infuer(Xu/U) = RimyGr = Rimyu(kyt @ RUW).

o & = [Rimy(kyt @ /171/2)]1 = Rlﬂ'U*(HU %).x

o &% Rlmy.(ky 1/2 )~ WU*(H:ZJ/z) (relative duality for ).
Then, the candidate to ‘local supermoduli’ is

3/2 o X
UATG B T
VNIVERSIDAD

N‘\‘\I‘—\‘\‘\\(.'\ 00 Afoj
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One has dimU = (3g — 3,2g — 2).
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Two results of LeBrun-Rothstein

Proposition

m: X =(X,0® L) = V, SUSY curve over an affine scheme
whose even ks map is an isomorphism. Then there is a SUSY
curve T: X — V over the superscheme V = (V, A\ 7r*(/<;73T/2))

extending X and whose ks map is an isomorphism.

e,

Sud N
VNIVERSiDAD
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Local structure of the supermoduli
Global construction of the supermoduli
Moduli of SUSY curves Punctures

Two results of LeBrun-Rothstein

Proposition

m: X =(X,0® L) — V, SUSY curve over an affine scheme
whose even ks map is an isomorphism. Then there is a SUSY
curve T: X — V over the superscheme V = (V, \ W*(mi’r/2))

extending X and whose ks map is an isomorphism.

Proposition

X — V, SUSY curve whose ks map is an isomorphism.
X =(X,0& L) — V its restriction to ordinary scheme V. For
every morphism of schemes p: Y — V:

morphisms of superschemes classes of SUSY curves
Y — V extending — X/), extending
p: Y=V O*X/Y
d—= XY
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Construction of the supermoduli

@ By the first result, the 'locally universal’ SUSY curve
my: Xy = (Xu,O0x, ® L) — U can be extended to a SUSY

curve 3/2
my: Xy —>U= (U,/\WU*(HU/ )

whose ks map is an isomorphism.

o
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Construction of the supermoduli

@ By the first result, the 'locally universal’ SUSY curve
my: Xy = (Xu,O0x, ® L) — U can be extended to a SUSY
curve
my: Xy —U= (U,/\?TU*(/{?J/2))

whose ks map is an isomorphism.

@ By the second result, there is an isomorphism
U=~ SC X SCyy(Sen U of étale presheaves on superschemes.
Since U is a sheaf, the second member is a sheaf, so it
coincides with its associated sheaf SCgz X sy, U, that is

U SCq xsm, U. (i) GS\%

VNIVERSiDAD
BSALAMANCA % -
T 00 A~D)
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Construction of the supermoduli, I

The trivial étale equivalence relation (p1, p2): U xsm, U = U
induces an étale equivalence relation of sheaves on superschemes
(P1,p2) p
SCg ><5Mg U ><5Mg U ; SCg XSMg U4>ch
l Il
Uu XSMg U u

with categorial quotient SC,.
Proposition (D-HR-S)

The functor SCg' of relative supercurves of genus g is
representable by an Artin algebraic superspace SMg, which is the
categorical quotient of this étale equivalence relation of
superschemes. Moreover ’Jﬁ

2018

dimSM, =dimU = (3g — 3,28 — 2).
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A few references

@ The supermoduli of SUSY curves has been constructed locally
(as a Zy-orbifold) by LeBrun-Rothstein (1988).

P %
e ,.‘
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A few references

@ The supermoduli of SUSY curves has been constructed locally
(as a Zp-orbifold) by LeBrun-Rothstein (1988).

@ Recently, it has been constructed as a DM-superstack by
Codogni-Viviani (2017).

i
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A few references

@ The supermoduli of SUSY curves has been constructed locally
(as a Zp-orbifold) by LeBrun-Rothstein (1988).

@ Recently, it has been constructed as a DM-superstack by
Codogni-Viviani (2017).

e Donagi and Witten (2012-13), taking the existence for
granted, have proved

i p
oo all
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A few references

@ The supermoduli of SUSY curves has been constructed locally
(as a Zp-orbifold) by LeBrun-Rothstein (1988).

@ Recently, it has been constructed as a DM-superstack by
Codogni-Viviani (2017).

e Donagi and Witten (2012-13), taking the existence for
granted, have proved

o SM, is non-projected (in particular non-split) for g > 5

i
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A few references

@ The supermoduli of SUSY curves has been constructed locally
(as a Zy-orbifold) by LeBrun-Rothstein (1988).
@ Recently, it has been constructed as a DM-superstack by
Codogni-Viviani (2017).
e Donagi and Witten (2012-13), taking the existence for
granted, have proved
o SM, is non-projected (in particular non-split) for g > 5
° S./\/lél) is non-split for g > 2. (supermoduli of punctured

SUSY curves).
S i

H‘\‘\I‘\‘\\\('\ 00 Afoj
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Two kinds of punctures

There are two kinds of punctures on a SUSY curve, according to
the different bosonic of fermionic fields that are inserted in the
theory.

o Neveu-Schwartz (NS) punctures. These are merely unordered
points, understood as the insertion points of bosonic
operators.

e,

Sud N
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Two kinds of punctures

There are two kinds of punctures on a SUSY curve, according to
the different bosonic of fermionic fields that are inserted in the
theory.

o Neveu-Schwartz (NS) punctures. These are merely unordered
points, understood as the insertion points of bosonic
operators.

e Ramond-Ramond (RR) punctures. These correspond to
divisors where the superconformal structure degenerates and
are related to the insertion of fermionic operators.

i
S ﬂk
VNIVERSIDAD < J4
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NS punctures

(m: X - 8, D), SUSY curve.

Definition

A NS N-puncture is a unordered family (x1,...,xy) of (S-valued)
points of m: X — S (i.e. sections x;: S — X of m).

e,

e . E
VNIVERSIDAD
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NS punctures

(m: X - 8, D), SUSY curve.

A NS N-puncture is a unordered family (xi, ..., xn) of (S-valued)
points of m: X — S (i.e. sections x;: S — X of m).

Proposition (D-HR-S)

The functor of relative supercurves of genus g with N

NS-punctures is representable by an Artin algebraic superspace

SM;N), whose underlying ordinary Artin algebraic space is the
(N) _

scheme SMg ™" = Symgy (Xg/SMg).

Moreover 0

‘r;n;
dimSMWM = (3g =3+ N, 26 —2+ N).

N
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RR punctures

m: X — S, supercurve, Z — X positive superdivisor
(codim = (1,0)).

Definition

m: X — S has a RR-puncture along Z if there is a locally free
subsheaf of rank (0,1) of the relative tangent sheaf, D — ©y/s,
such that the composition

DoD b 0ys — Oxs/D

induces an isom. of Ox-modules D@D =% (Ox,s/D)(—Z).

4N
H \\i\'l-l‘;(:\\l\u %;‘t
We alSO say that (77: X — S, D) IS a RR—SUSY curve. PEALANANCS Ro0 AR DS

1218~2018
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RR-SUSY curves

(m: X - 8,D), a RR-SUSY curve.
If S = S is an ordinary scheme, Oy = Ox ® L, now on has

L&L ™ kxs®Ox(Z) = kx;s(Z), L5 ryxs(Z)H?

Uyac
g00 A~Df
1218~2018
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RR-SUSY curves

(m: X - 8,D), a RR-SUSY curve.
If S = S is an ordinary scheme, Oy = Ox ® L, now on has

L&L ™ kxs®Ox(Z) = kx;s(Z), L5 ryxs(Z)H?

This forces m = deg Z to be even.

P
S
VNIVERS| D
BSALAM,
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RR-SUSY curves

(m: X - 8,D), a RR-SUSY curve.
If S =S is an ordinary scheme, Oy = Ox & L, now on has

L&L™ kxs®Ox(Z) =rkxs(Z), L rnxs(Z)?.
This forces m = deg Z to be even. In this case, one has:

g7r = (eX/D)O D [(@X/D)l X OX(—Z)]
I (/) = Rim.Go = [Rim ()] @ [R'm. i s(2) )]

Proposition (HR)

The functor of relative RR-SUSY curves of genus g and deg Z = m
is representable by an Artin algebraic superspace of dimension af

(3¢ =3+ m,2g —2+m/2).
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