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Theorem (Auscher–Hofmann–Lacey–McIntosh–Tchamitchian)

If n ∈ N and A = A(x) is an n × n matrix of functions in L∞(Rn,C)
satisfying the uniform ellipticity condition

Re〈A∇u,∇u〉L2 & ‖∇u‖2
2 ∀u ∈ W 1,2(Rn),

then Dom(
√
− div A∇) = W 1,2(Rn) and ‖

√
− div A∇u‖2 h ‖∇u‖2.
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then Dom(
√
− div A∇) = W 1,2(Rn) and ‖

√
− div A∇u‖2 h ‖∇u‖2.

Corollary

If fields b1,b2 ∈ L∞(Rn,Cn) and a potential V ∈ L∞(Rn,C) satisfy

Re〈A∇u + b1u,∇u〉+ 〈b2 · ∇u + Vu,u〉 & ‖∇u‖2
2 + ‖u‖2

2

then Lu := − div A∇u − div b1u + b2 · ∇u + Vu satisfies

Dom(
√

L) = W 1,2(Rn) and ‖
√

Lu‖2 h ‖∇u‖2 + ‖u‖2.
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Theorem (Gesztesy–Hofmann–Nichols)

If p ≥ n ≥ 3 and b1,b2 ∈ Lp + L∞ and V ∈ Lp/2 + L∞, then

Dom(
√

L) = W 1,2(Rn) and ‖
√

Lu‖2 h ‖∇u‖2 + ‖u‖2.

Moreover, there exists ǫ > 0 such that

max{‖b1‖n, ‖b2‖n, ‖V‖n/2} < ǫ =⇒ ‖
√

Lu‖2 h ‖∇u‖2.
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Dom(
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L) = W 1,2(Rn) and ‖
√

Lu‖2 h ‖∇u‖2 + ‖u‖2.

Moreover, there exists ǫ > 0 such that

max{‖b1‖n, ‖b2‖n, ‖V‖n/2} < ǫ =⇒ ‖
√

Lu‖2 h ‖∇u‖2.

The critical index p = n is determined by the Sobolev embedding

‖u‖2∗ ≤ cn‖∇u‖2, 2∗ := 2n/(n − 2),

and Hölder’s inequality:

‖biu‖2 ≤ ‖bi‖n ‖u‖2∗ ≤ cnǫ‖∇u‖2

‖V 1/2u‖2 ≤ ‖V‖1/2

n/2
‖u‖2∗ ≤ cnǫ‖∇u‖2
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The first-order system (on L2(Rn)⊕ L2(Rn,Cn))

DB := d +d∗B :=

[
0 0

∇ 0

]

+

[
0 − div

0 0

] [
1 0

0 A

]

=

[
0 − div A

∇ 0

]

is a bisectorial perturbation of D := d + d∗ and
√

D2
B =

[ √
− div A∇ 0

0
√
−∇A div

]

.
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for all z ∈ C \ Sω.
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C
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This means that

‖(zI − DB)
−1u‖2 . |z|−1‖u‖2

for all z ∈ C \ Sω.
ωσ(DB)

C

Sω

If DB has an H∞-functional calculus, then

‖sgn(DB)u‖2 . ‖u‖2

=⇒ ‖
√

D2
Bu‖2 . ‖DBu‖2

=⇒ ‖
√
− div A∇u1‖ . ‖∇u1‖2.
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Theorem (Axelsson–Keith–McIntosh)

If DB := d + d∗B, where d is a constant-coefficient, homogeneous,

first-order differential operator on L2(Rn,CN) and B is a multiplication

operator in L∞(Rn,L(CN)) such that

(nilpotency) d2 = (d∗)2 = 0 and dBd = d∗Bd∗ = 0

(accretivity) Re〈Bu,u〉 & ‖u‖2
2 for all u ∈ Ran(D)

(coercivity) ‖∇ ⊗ u‖2 . ‖Du‖2 for all u ∈ Ran(D)

then
Ran(d)⊕ Ran(d∗B)⊕ Nul(DB) = L2

and DB has an H∞-functional calculus, i.e.

ˆ

∞

0

‖tDB(1 + t2D2
B)

−1u‖2
2

dt

t
h ‖u‖2

2 ∀u ∈ Ran(DB).
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and DB has an H∞-functional calculus, i.e.

ˆ

∞

0

‖tDB(1 + t2D2
B)

−1u‖2
2

dt

t
h ‖u‖2

2 ∀u ∈ Ran(DB).

Example

If d is the exterior derivative on differential forms L2(⊕n
k=0Λ

k ), then DB

is a metric perturbation of the Dirac operator D = d + d∗.
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Let us incorporate additive perturbations D + W in this framework to

1 Extend the results of Gesztesy–Hofmann–Nichols.
2 Obtain new results for Dirac-type operators.
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Let us incorporate additive perturbations D + W in this framework to

1 Extend the results of Gesztesy–Hofmann–Nichols.
2 Obtain new results for Dirac-type operators.

Theorem (Gesztesy–Hofmann–M–Nichols)

If p ≥ n ≥ 3 and DB,W := (d + W1) + (d∗ + W2)B, where W1,W2 are

multiplication operators in Lp(Rn,L(CN)) such that

L2 W1−→ Nul(d)
W1−→ 0, L2 W2−→ Ran(d∗)

W2−→ 0,

and W1BW1 = W1Bd = W2Bd∗ = W2BW2 = 0, then ∃ T > 0 such that

ˆ T

0

‖tDB,W (1 + t2D2
B,W )−1u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ L2.

Moreover, ∃ ǫ > 0 such that if max{‖W1‖n, ‖W2‖n} < ǫ, then

ˆ

∞

0

‖tDB,W (1 + t2D2
B,W )−1u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ L2.
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We recover Lu := − div A∇u − div b1u + b2 · ∇u + Vu by writting

V = V1V2 := |V |1/2(|V |1/2ei arg V ), V1,V2 ∈ Lp,

and defining (on L2(Rn)⊕ L2(Rn,Cn)⊕ L2(Rn))

DB := d + d∗B :=





0 0 0

∇ 0 0

0 0 0



+





0 − div 0

0 0 0

0 0 0









1 0 0

0 A 0

0 0 1



 .
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and defining (on L2(Rn)⊕ L2(Rn,Cn)⊕ L2(Rn))

DB := d + d∗B :=





0 0 0

∇ 0 0

0 0 0



+





0 − div 0

0 0 0

0 0 0









1 0 0

0 A 0

0 0 1



 .

Next, choose β1, β2, γ1, γ2 ∈ Lp with

W1 + W2 :=





0 0 0

β1 0 0

γ1 0 0



+





0 β2· γ2

0 0 0

0 0 0





so that (− div A + β2 · A)(∇+ β1) + γ2γ1 = L, whence

(DB,W )2 =





0 − div A + β2 · A γ2

∇+ β1 0 0

γ1 0 0





2

=





L 0 0

0 x x

0 x x



 .
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We need to verify the hypotheses of our theorem:

1 L2 W1−→ Nul(d)
W1−→ 0:

◮ Nul(d) = Nul





0 0 0

∇ 0 0

0 0 0



 = {f : ∇f = 0} ⊕ L2(Rn,Cn)⊕ L2(Rn).

◮ W1u = W1(f ,F , g) = (0, β1f , γ1f ) ∈ Nul(d).

◮ u ∈ Nul(d) =⇒ ‖β1f‖2 + ‖γ1f‖2 . ‖∇f‖2 = 0 =⇒ W1u = 0.
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0 0 0

∇ 0 0

0 0 0



 = {f : ∇f = 0} ⊕ L2(Rn,Cn)⊕ L2(Rn).

◮ W1u = W1(f ,F , g) = (0, β1f , γ1f ) ∈ Nul(d).

◮ u ∈ Nul(d) =⇒ ‖β1f‖2 + ‖γ1f‖2 . ‖∇f‖2 = 0 =⇒ W1u = 0.

2 L2 W2−→ Ran(d∗)
W2−→ 0:

◮ Ran(d∗) = Ran





0 − div 0

0 0 0
0 0 0



 = L2(Rn)⊕ {0} ⊕ {0}.

◮ W2u = W2(f ,F , g) = (β2 · F + γ2g, 0, 0) ∈ Ran(d∗).

◮ u ∈ Ran(d∗) =⇒ (F , g) = 0 =⇒ W2u = 0.
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Theorem (Auscher–Stahlhut, Frey–McIntosh–Portal, et. al.)

If q ∈ [2∗,2], then for all t ∈ R \ {0}, it holds that

‖(1 + itDB)
−1u‖2 .

{

‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/2)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).
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‖(1 + itDB)
−1u‖2 .

{

‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/2)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).

Theorem (Gesztesy–Hofmann–M–Nichols)

If q ∈ [2∗,2], then for all t ∈ [−T ,T ] \ {0}, it holds that

‖(1 + itDB,W )−1u‖2 .

{

‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/2)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).

If max{‖W1‖n, ‖W2‖n} < ǫ, then this holds for all t ∈ R \ {0}.
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Theorem (Gesztesy–Hofmann–M–Nichols)

If q ∈ [2∗,2], then for all t ∈ [−T ,T ] \ {0}, it holds that

‖(1 + itDB,W )−1u‖2 .

{

‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/2)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).

If max{‖W1‖n, ‖W2‖n} < ǫ, then this holds for all t ∈ R \ {0}.

σ(DB,W )

T−1
b

Inhomogeneous (p > n)

σ(DB,W )

Homogeneous (p = n)
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We need, for the Hodge projection P : L2 → Ran(d∗):

Lemma

If r ∈ [2,2∗] and q ∈ [2∗,2], then

‖P(1 + itDB)
−1u‖r .

{

|t |−n(1/2−1/r)‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/r)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).
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We need, for the Hodge projection P : L2 → Ran(d∗):

Lemma

If r ∈ [2,2∗] and q ∈ [2∗,2], then

‖P(1 + itDB)
−1u‖r .

{

|t |−n(1/2−1/r)‖u‖2 ∀u ∈ L2

|t |−n(1/q−1/r)‖u‖q ∀u ∈ Lq ∩ Ran(d∗).

Proof.

Let RB
t := (1 + itDB)

−1 and PB
t := RB

t RB
−t = (1 + t2D2

B)
−1.

Since [d∗B,PB
t ] = 0:

PRB
t P = P(1 − itDB)R

B
−tR

B
t P = PPB

t P − itd∗BPB
t P = PPB

t P.
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Proof.

Let RB
t := (1 + itDB)

−1 and PB
t := RB

t RB
−t = (1 + t2D2

B)
−1.

Since [d∗B,PB
t ] = 0:

PRB
t P = P(1 − itDB)R

B
−tR

B
t P = PPB

t P − itd∗BPB
t P = PPB

t P.

Interpolate the end-point cases:

1 ‖PRB
t u‖2∗ . ‖∇ ⊗ PRB

t u‖2 . ‖DBRB
t u‖2 . |t |−1‖u‖2.

2 ‖PRB
t Pu‖2∗ = ‖PPB

t Pu‖2∗ . |t |−1‖RB
−tPu‖2 . |t |−2‖u‖2∗

.
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Proof of ‖(1 + itDB,W )−1u‖2 . |t |−n(1/q−1/2)‖u‖q.

Write Nul(d)
W1−→ 0 and L2 W2−→ Ran(d∗) as

W1 = W1P and W2 = PW2

to obtain

‖tW1RB
t u‖2 = ‖tW1PRB

t u‖2

≤ |t |‖W1‖p‖PRB
t u‖2p/(p−2)

.

{

|t |1−n/p‖W1‖p‖u‖2 ∀u ∈ L2

|t |−n/p‖W1‖p‖u‖2∗
∀u ∈ L2∗ ∩ Ran(d∗).

and
‖tRB

t W2u‖2 = |t |‖RB
t PW2u‖2

. |t |1−n/p‖W2u‖2p/(p+2)

≤ |t |1−n/p‖W2‖p‖u‖2.
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Proof of ‖(1 + itDB,W )−1u‖2 . |t |−n(1/q−1/2)‖u‖q.

Step 1: DB 7→ DB + W1.

‖(1 + it(DB + W1))
−1u‖2 =

∥
∥
∥
∥
∥

∞∑

k=0

(1 + itDB)
−1[itW1(1 + itDB)

−1]ku

∥
∥
∥
∥
∥

≤ (k = 0) +

∞∑

k=1

‖(tW1RB
t )

k−1(tW1RB
t )u‖2

. 1 +

∞∑

k=1

(|t |1−n/p‖W1‖p)
k

{

‖u‖2 ∀u ∈ L2

|t |−1‖u‖2∗
∀u ∈ L2∗ ∩ Ran(d∗).
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∥
∥
∥
∥
∥
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k=0

(1 + itDB)
−1[itW1(1 + itDB)

−1]ku

∥
∥
∥
∥
∥

≤ (k = 0) +

∞∑

k=1

‖(tW1RB
t )

k−1(tW1RB
t )u‖2

. 1 +

∞∑

k=1

(|t |1−n/p‖W1‖p)
k

{

‖u‖2 ∀u ∈ L2

|t |−1‖u‖2∗
∀u ∈ L2∗ ∩ Ran(d∗).

Step 2: (DB + W1) 7→ (DB + W1) + W2B.

(1 + itDB,W )−1u =

∞∑

k=0

[RB,W1

t itW2B]kR
B,W1

t u.
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We now prove the local (inhomogeneous) quadratic estimate.

Proof of

ˆ T

0

‖tDB,W (1 + t2D2
B,W )−1u‖2

2

dt

t
. ‖u‖2

2.

Set QB,W := tDB,W (1 + t2(D2
B,W ))−1 and write

ˆ T

0

‖QB,W u‖2
2

dt

t
≤
ˆ T

0

‖QB,W u − QBu‖2
2

dt

t
+ ‖u‖2

2.
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We now prove the local (inhomogeneous) quadratic estimate.

Proof of

ˆ T

0

‖tDB,W (1 + t2D2
B,W )−1u‖2

2

dt

t
. ‖u‖2

2.

Set QB,W := tDB,W (1 + t2(D2
B,W ))−1 and write

ˆ T

0

‖QB,W u‖2
2

dt

t
≤
ˆ T

0

‖QB,W u − QBu‖2
2

dt

t
+ ‖u‖2

2.

It suffices, since Qt =
1
2i (R−t − Rt), to note that

‖(RB,W
t − RB

t )u‖2 ≤ ‖(RB,W
t − R

B,W1

t )u‖2 + ‖(RB,W1

t − RB
t )u‖2

=

∥
∥
∥
∥
∥

∞∑

k=1

(RB,W1

t tW2B)kR
B,W1

t u

∥
∥
∥
∥
∥

2

+

∥
∥
∥
∥
∥

∞∑

k=1

RB
t (tW1RB

t )
k u

∥
∥
∥
∥
∥

2

. |t |1−n/p‖u‖2,

since 1 − n/p > 0 when p > n.
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To obtain the full (homogeneous) quadratic estimate we need to modify

the Hodge decomposition Ran(d)⊕ Ran(d∗B)⊕ Nul(DB) = L2.

Lemma

If max{‖W1‖n, ‖W2‖n} < ǫ, then

{
Nul((d∗ + W2)B)⊕ Ran(d) = L2

Nul(d∗)⊕ Ran(d + W1) = L2 .
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To obtain the full (homogeneous) quadratic estimate we need to modify

the Hodge decomposition Ran(d)⊕ Ran(d∗B)⊕ Nul(DB) = L2.

Lemma

If max{‖W1‖n, ‖W2‖n} < ǫ, then

{
Nul((d∗ + W2)B)⊕ Ran(d) = L2

Nul(d∗)⊕ Ran(d + W1) = L2 .

Proof.

If v ∈ Nul((d∗ + W2)B), then

‖du‖2
2 . 〈du,B∗du〉 = |〈v + du,B∗(d + W ∗

2 )u〉 − 〈du,B∗W ∗

2 u〉|
. ‖v + du‖2(‖du‖2 + ‖W ∗

2 Pu‖2) + ‖du‖2‖W ∗

2 Pu‖2

. ‖v + du‖2‖du‖2 + ǫ‖du‖2
2

︸ ︷︷ ︸

Hide

,

so ‖v‖2 + ‖du‖2 . ‖v + du‖2 and Nul((d∗ +W2)B)⊕Ran(d) ⊆ L2.
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Set ΘB,W
t := t(d∗ + W2)B(1 + t2(D2

B,W ))−1.

Lemma

If

ˆ

∞

0

‖ΘB,W
t u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ Ran(d),

then

ˆ

∞

0

‖QB,W u‖2
2

dt

t
. ‖u‖2

2 ∀u ∈ Nul(d).
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Set ΘB,W
t := t(d∗ + W2)B(1 + t2(D2

B,W ))−1.

Lemma

If

ˆ

∞

0

‖ΘB,W
t u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ Ran(d),

then

ˆ

∞

0

‖QB,W u‖2
2

dt

t
. ‖u‖2

2 ∀u ∈ Nul(d).

Proof.

Use Nul((d∗ + W2)B)⊕ Ran(d) = L2 to define

P
W : L2 → Ran(d), I − P

W : L2 → Nul((d∗ + W2)B).

If u ∈ Nul(d), then

QB,W u := (1 + t2(D2
B,W ))−1t(d + W1 + (d∗ + W2)B)u

= (1 + t2(D2
B,W ))−1t(d∗ + W2)B(PW u + (I − P

W )u)

= ΘB,W
t P

W u.
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Setting Pt := (1 + t2D2)−1, write (for u ∈ Ran(d)):

ˆ

∞

0

‖ΘB,W
t u‖2

2

dt

t
≤
ˆ

∞

0

‖ΘB,W
t (I − Pt)u‖2

2

dt

t
︸ ︷︷ ︸

High frequency

+

ˆ

∞

0

‖ΘB,W
t Ptu‖2

2

dt

t
︸ ︷︷ ︸

Low frequency

.
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Setting Pt := (1 + t2D2)−1, write (for u ∈ Ran(d)):

ˆ

∞

0

‖ΘB,W
t u‖2

2

dt

t
≤
ˆ

∞

0

‖ΘB,W
t (I − Pt)u‖2

2

dt

t
︸ ︷︷ ︸

High frequency

+

ˆ

∞

0

‖ΘB,W
t Ptu‖2

2

dt

t
︸ ︷︷ ︸

Low frequency

.

Low frequency ingredients (minor modifications):

1 Off-diagonal estimates

‖1ER
B,W
t 1F‖2→2 .

( |t |
dist(E ,F )

)M

.

◮ Commutators [DB + W , η] = (DB + W )η − η(DB + W ) = [DB, η].

2 Carleson measure estimates

sup
Q

ˆ ℓ(Q)

0

 

Q

|ΘB,W
t 1|2 dxdt

t
. 1.

◮ Use test functions adapted DB.
◮ Need ‖RB

t ‖2+δ→2+δ for 2 + δ ∈ (2, pH ) to offset W .
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Lemma (High frequency estimate)
ˆ

∞

0

‖ΘB,W
t (I − Pt)u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ Ran(d).
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Lemma (High frequency estimate)
ˆ

∞

0

‖ΘB,W
t (I − Pt)u‖2

2

dt

t
. ‖u‖2

2 ∀u ∈ Ran(d).

Proof.

Using [Pt ,d ]u = [(1 + t2D2)−1,d ]u = 0:

ΘB,W
t (I − Pt)u = Q

B,W
t PRan(d)(I − Pt)u

= Q
B,W
t PRan(d)t(d + d∗)Qtu

= Q
B,W
t td Qtu

= Q
B,W
t t(DB + W1 + W2B)PRan(d∗B)Qtu − Q

B,W
t tW1Qtu

= (I − PB
t )PRan(d∗B)

︸ ︷︷ ︸

Uniform L2 estimate

Qtu
︸ ︷︷ ︸

Quadratic estimate

−Q
B,W
t tW1Qtu

︸ ︷︷ ︸

Schur estimate

for all u ∈ Ran(d).
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The Schur estimate uses

ˆ

∞

0

Q2
s u

ds

s
h u and quasi-orthogonality:

Lemma

There exists α > 0 such that

‖Q
B,W
t tW1Qt(Qsv)‖2 .

(

min

{
s

t
,

t

s

})α

‖v‖2 ∀v ∈ Ran(D).
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The Schur estimate uses

ˆ

∞

0

Q2
s u

ds

s
h u and quasi-orthogonality:

Lemma

There exists α > 0 such that

‖Q
B,W
t tW1Qt(Qsv)‖2 .

(

min

{
s

t
,

t

s

})α

‖v‖2 ∀v ∈ Ran(D).

Proof.

Write

Q
B,W
t := P

B,W
t tDB,W = P

B,W
t Ptd∗B + P

B,W
t PtW2B

and estimate (with 2∗ < q∗ < 2)

‖P
B,W
t PtW2BtW1QtQsv‖2 . t−n(1/q−1/2)‖tW2BtW1QtQsv‖q

. t−n(1/q−1/2)‖W2‖n‖W1‖n‖t3D2Pt(sPsv)‖q∗∗

. t−n(1/q−1/2)+1‖sPsv‖q∗∗

. (s/t)n(1/q−1/2)−1‖v‖2.
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We need to justify using 2∗ < q∗ < 2, since q = 2∗ − δ!

Lemma

If ‖W‖n < ǫ, then there exists δ > 0 such that

‖P
B,W
t u‖2 . |t |−n(1/(2∗−δ)−1/2)‖u‖2∗−δ ∀u ∈ L2∗−δ ∩ Ran(d∗).

Proof (when W = 0).

Choose q := 2∗ − δ so that q∗ ∈ (pH ,2).

Then
‖PB

t u‖2 = ‖RB
t PRB

−tPu‖2

. |t |−n(1/q∗
−1/2)‖RB

−tPu‖q∗

. |t |−n(1/(2∗−δ)−1/2)‖u‖2∗−δ

for all u ∈ Ran(d∗).
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Lemma

If ‖W‖n < ǫ, then there exists δ > 0 such that

‖P
B,W
t u‖2 . |t |−n(1/(2∗−δ)−1/2)‖u‖2∗−δ ∀u ∈ L2∗−δ ∩ Ran(d∗).

Proof (when ‖W‖n < ǫ).

Using W1 = W1P and W2 = PW2 we obtain

(D2
B,W − D2

B)P
B
t u = P(DBW1 + W2BDB + W2BW1)PPB

t u

for all u ∈ Ran(d∗), so

P
B,W
t u =

∞∑

k=0

PB
t [t

2(D2
B,W − D2

B)P
B
t ]

ku

=
∞∑

k=0

RB
t

︸︷︷︸

Lq∗
→L2

[RB
−t t

2
P(DBW1 + W2BDB + W2BW1)PRB

t ]
k

︸ ︷︷ ︸

Lq∗
→Lq∗

RB
−tu

︸ ︷︷ ︸

L2∗−δ
→Lq∗

.
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Corollary (Conclusion)

There exists R > 0 such that DB,W has a bounded H∞(Sθ ∪ DR)
functional calculus,

‖f (DB,W )u‖2 . ‖u‖2 ∀u ∈ H∞(Sθ ∪ DR),

e.g. f (z) :=
z√

z2 + R2
.

If max{‖W1‖n, ‖W2‖n} < ǫ, then DB,W has a bounded H∞(Sθ)

functional calculus, e.g. f (z) :=
z√
z2

.
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