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Theorem (Auscher—Hofmann—Lacey—Mclntosh—Tchamitchian)

Ifne N and A = A(x) is an n x n matrix of functions in L*°(R", C)
satisfying the uniform ellipticity condition

Re(AVu,Vu)2 > |Vul3  Yue W3R,
then Dom(y/— div AV) = W'2(R") and ||v/— div AV u|» = ||V ul|z.
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Theorem (Auscher—Hofmann—Lacey—McIntosh—Tchamitchian)

If n € N and A = A(x) is an n x n matrix of functions in L*(R", C)
satisfying the uniform ellipticity condition

Re(AVu,Vu)2 > |Vul3  Yue W3R,
then Dom(y/— div AV) = W'2(R") and ||v/— div AV u|» = ||V ul|z.

Corollary
If fields by, b, € L°(R",C") and a potential V € L>(R",C) satisfy

Re(AVu + byu,Vu) + (ba - Vu+ Vu,u) > |[Vul3 + ||ul3
then Lu := — div AVu — div byu + bs - Vu + Vu satisfies

Dom(VL) = W'"3(R") and |VLulz = ||Vullz + [|uz-
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Theorem (Gesztesy—Hofmann—Nichols)
Ifp>n>3andby, b, € LP+ L and V € LP/2 + >, then

Dom(\/Z) = W172(R”) and H\/Zung ~ |Vull2 + ||ull2-
Moreover, there exists ¢ > 0 such that

max{[|bi |n, [Bzlln, [IVllnj2} <€ = [IVLullz = |Vullo.
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Theorem (Gesztesy—Hofmann—Nichols)
Ifp>n>3andby, b, € LP+ L and V € LP/2 + >, then

Dom(\/Z) = W‘vz(R”) and H\/ZUHQ ~ |Vull2 + ||ull2-
Moreover, there exists ¢ > 0 such that

max{||bs o, [b2lln. | VIln2} <€ = |IVLullz = || Vll2.

The critical index p = nis determined by the Sobolev embedding
lull < cnllVullz, 2" :=2n/(n—2),

and Hdélder’s inequality:

16iull2 < [[billn [lu

1/2
[V'2ullp < IV 3llulles < CoelVulla

2= < Cnel| VU2
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The first-order system (on L2(R") @ L?(R",C"))

«o. | 0 O 0 —div 10| |0 —divA
DB':d+dB'_[v 0]*[0 0 Ho A]—[v 0 ]
is a bisectorial perturbation of D := d + d* and

[T )
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The first-order system (on L2(R") @ L2(R",C"))

.n [0 0 0 —div][1 0] [0 —divA
pa:=d+aB=| o ol+l0 0" ][o a]=|v %]

is a bisectorial perturbation of D := d + d* and
,w§:[¢fﬁﬁv 0 }
0 V-V Adiv
This means that
(2! = D) 'ulle < 12| M [lulle -
forallze C\ S,. -
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The first-order system (on L2(R") @ L2(R",C"))

«o. | 0 O 0 —div 10| |0 —divA
pa:=d+aB=| o ol+l0 0" ][o a]=|v %]

is a bisectorial perturbation of D := d + d* and
/D2 | V=divAV 0
N 0 v—=VAdiv |’

This means that

< So.
Iz = D)~ "ull2 < |2 |lullz ‘“

forallze C\ S.. o

o(Dg) .|\ @
If Dg has an H>-functional calculus, then

Isgn(Dp)ullz < [ull2
’ C
= |ly/D5ull2 < [1Dsull2

— [V=divAVu || < [V 2.
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Theorem (Axelsson—Keith—Mclntosh)

If Dg := d + d*B, where d is a constant-coefficient, homogeneous,

first-order differential operator on L2(R",CN) and B is a multiplication

operator in L>(R", £(CN)) such that
@ (nilpotency) d? = (d*)?> =0 and dBd = d*Bd* =0
@ (accretivity) Re(Bu,u) > |ul3 for all u € Ran(D)
@ (coercivity) ||V ® ul|2 < ||Dul|2 for all u € Ran(D)

then Ran(d) & Ran(d*B) & Nul( Dg) = L

and Dg has an H*-functional calculus, i.e.

/0 ItDs(1 + 2DB)"ulgS < Ul vu & Ran(Dp).
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Theorem (Axelsson—Keith—Mclntosh)

If Dg := d + d*B, where d is a constant-coefficient, homogeneous,
first-order differential operator on L2(R",CN) and B is a multiplication
operator in L>(R", £(CN)) such that

@ (nilpotency) d? = (d*)?> =0 and dBd = d*Bd* =0
@ (accretivity) Re(Bu,u) > |ul3 for all u € Ran(D)
@ (coercivity) ||V ® ul|2 < ||Dul|2 for all u € Ran(D)

then Ran(d) & Ran(d*B) & Nul( Dg) = L

and Dg has an H*-functional calculus, i.e.
|tDp(1 + t2D? 3)” u||2— = ||u||2 Vu € Ran(Dg).
0

Example

If d is the exterior derivative on differential forms L2(©7_,Ak), then Dg
is a metric perturbation of the Dirac operator D = d + d*.

.
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Let us incorporate additive perturbations D + W in this framework to
@ Extend the results of Gesztesy—Hofmann—Nichols.
@ Obtain new results for Dirac-type operators.
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Let us incorporate additive perturbations D + W in this framework to
@ Extend the results of Gesztesy—Hofmann—Nichols.
@ Obtain new results for Dirac-type operators.

Theorem (Gesztesy—Hofmann—M—Nichols)
Ifp>n>3andDgw = (d+ W;) + (d* + Wao)B, where Wy, W, are

multiplication operators in LP(R", £(CN)) such that
2 Y Nuiay Y0, 12 %5 Ranar) X2 0
and Wy BW; = W;Bd = WoBd* = WoBW> =0, then3 T > 0 such that

)
dt
/0 1108w (1 + D5 ) " WIBS S Wl Vue L

Moreover, 3 € > 0 such that if max{||Wi||n, ||Wa||n} < €, then

/ ID5w(1 + DB ) " uEY < 0l vuer?
0

v
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We recover Lu:= —divAVu —divbiu+ bs - Vu+ Vu by writting
V= ViV = |V|'2(|V[V2e@8VY) Vi Wy € LP,

and defining (on L2(R") @ L2(R",C") & L2(R"))

0 00 0 —div O 100
v oo|l+]0 0 O 0 AO0|.
0 0 1

0 0O

Dg:=d-+d*B:=

0O 0 O
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We recover Lu:= —divAVu —divbiu+ bs - Vu+ Vu by writting
V= ViV o= |V[VE(|V]V2ela8Y) vy v, e 1P,
and defining (on L2(R") @ L2(R",C") & L2(R"))
0 0O 0 —div O 100
Dg:=d+d'B:=|V 00 |+(0 0 O 0 AO0].
0 00O 0O 0 O 0 0 1
Next, choose 1, 82, 71,72 € LP with
0 00 0 B2 72
B+ 0 0 +]0 O O
v 0 0 0 0 O

Wi + Wo .=

so that (—divA+ B2+ A)(V + B1) + 7271 = L, whence

0 —divA+p-A ygr [L 0 o}

0 x x
0 x x

(Dew)? =

V + B4 0 0
7 0 0
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We need to verify the hypotheses of our theorem:
@ 2 Y Nul(a) X o

» Nul(d) = Nul

0 0O
vV 0 o] ={f:Vi=0}a L*(R",C") @ L3(R").
0 0O

> Wiu = Wi(f, F,g) = (0, B1f,vf) € Nul(d).

» ueNul(d) = ||Bifll2 + |71 flla S |Vl =0= Wju=0.
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We need to verify the hypotheses of our theorem:
@ 2 Y Nul(a) X o

» Nul(d) = Nul

0 0O
vV 0 o] ={f:Vi=0}a L*(R",C") @ L3(R").
0 0O

> Wiu = Wi(f, F,g) = (0, B1f,vf) € Nul(d).

» ueNul(d) = ||Bifll2 + |71 flla S |Vl =0= Wju=0.

9 2 ™ Ran(a*) % o:

0 —div O
» Ran(d*) = Ran [ 0 0 O } = [2(R") & {0} & {0}.
0 0 0

» Wou = Wg(f, F7g) = (52 ) F+’72g7070) € R—an(d*)

» ucRan(d*) = (F,9) =0 = Wou=0.
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Theorem (Auscher—Stahlhut, Frey—Mclntosh—Portal, et. al.)
Ifq € [2.,2], then for allt € R\ {0}, it holds that

lull2 Yu e L?

1+ itDg) " ul2 < Ran
I(1 + itDg) ||2~{|t|—n(1/q—1/2)||u||q Vu € L9 0 Ran(d").
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Theorem (Auscher—Stahlhut, Frey—Mclntosh—Portal, et. al.)
Ifq € [2.,2], then for allt € R\ {0}, it holds that

lull2 Yu e L?

1+ itDg)'ulz < Ran
1 B)” Ul2 5 {|t|—n(1/q—1/2)‘|u\|q Yu e L9 1 Ran(d*).

Theorem (Gesztesy—Hofmann—M—Nichols)
Ifqe[2.,2], thenforallt < [T, T|\ {0}, it holds that

u Yue L2
I+ itDgw) " ullz < {” I

If max{||Wi||n, |[W2l|n} < €, then this holds for all t € R \ {0}.

|t]="(/a=1/2)||y||; Vu € L9 N Ran(d*).
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Theorem (Gesztesy—Hofmann—M—Nichols)
Ifqe[2,,2], thenforallt < [T, T|\ {0}, it holds that

. _ u
I+ itDg )M ula < {” I

Vu e L2

1t=n(1/9-1/2)||ull, Vu € LI N Ran(d").

If max{||Wi||n, | Walln} < €, then this holds for all t ¢ R\ {0}.

Inhomogeneous (p > n)
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We need, for the Hodge projection P : L2 — Ran(d*):

Lemma
Ifre[2,2*] and q € [2,2], then

IP(1 + itDg)"ull, < {!t!‘”“/z—‘/”nunz Vue L2

1t=(/9=1/D|ullqy Vu € L9 N Ran(d*).
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We need, for the Hodge projection P : 2 — Ran(d*):

Lemma
Ifr e [2,2*] and q € [2,,2], then

IP(1 + itDg) ' ul|r < {m_n(1/2_1/r)HUH2 Yu e L?

1t/=7(1/a=1/9||u|l;, Vu € L9 Ran(d*).

Proof.
Let RB .= (1 + itDg)~" and PB .= RBRB, = (1 + 2D3)~".
Since [d*B, Pf] = 0:

PRPP = P(1 — itDg)R®,RPP = PPPP — itd* BPPP = PPFP.
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We need, for the Hodge projection P : 2 — Ran(d*):

Lemma
Ifr e [2,2*] and q € [2,,2], then

IP(1 + itDg) ' ul|r < {|t|_n(1/2_1/r)HUH2 Yu e L?

1t/=7(1/a=1/9||u|l;, Vu € L9 Ran(d*).

Proof.
Let RtB o (1 + itDB)_1 and PtB = RtBR_Bt = (1 + tzDg)_1.
Since [d*B, Pf] = 0:
PRPP = P(1 — itDg)R?,RPP = PPPP — itd*BPPP = PPPP.

Interpolate the end-point cases:
Q@ IPRPull2- S IIV @ PRPull2 < [IDsRPull2 < [t~ |lull2-

O |PRBPu

2« = |PPPPull2- < [t |REPull2 < [t72]ulle. -
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Proof of ||(1 + itDgw) " ull2 < [t|="/9=1/2)| u]|,.
Write Nul(d) 2 0 and (2 %2 Ran(d*) as

w; = WP and Wo = PW,
to obtain

[tW; REull> = ||tW;PREU|2
< [t][|WAllpIPREUII2p/(p—2)

_ =P W pllullz Vo e L2
t1="P| Wi llpllulla.  Vu € L2+ N Ran(d").

~

and
ItRP Waull2 = |t||| REP Waull

S|P Watl|ap)pr2)
< |t"7P) Welpllull.
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Proof of ||(1 + itDgw)~

Step 1: Dg +— Dg + W;.

I(1 + it(Dg + W)~ 'ull2 =

"ull2 S 18709V ul g

o0

k=0

< (k=0)+>_|[(tWiRP)*~" (tW; RP)ull2

k=1

00 2
_ llull2 Yue L
ST+ (1 "/Puwmp)k{
k=1

|t ullo, Vu e L2 N Ran(d).

> (1 +itDg)~'[itw; (1 + itDg) ¥ u
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Proof of ||(1 + itDg.w)~

Step 1: Dg — Dg + W;.

(1 + it(Dg + Wy)) ullp =

"ull2 S 18709V ul g

o0

> (1 +itDg) ' [itWs (1 + itDg)~"]*u
k=0

<(k=0)+ Z [(tWs REYT (tW; RE) 2

k=1

t~"lull2. VYu € L2 nRan(d").

o0 2
_ llull2 Yue L
ST+ (I ”/pHW1Hp)k{
k=1

Step 2: (Dg+ Wq) — (Dg + Wq) + WaB.

(1 +itDgw) 'u="> [RY™MitWoBI*R" u.

k=0
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We now prove the local (inhomogeneous) quadratic estimate.

X
dt

Proof of | |tDaw(1 + £D3.u) " ulp S ul

0

Set QBW .= tDg (1 + t2(D% )~ and write
: B.w

"B, 20t T ABW B
| neerugf < [T et vu - atulgF + uik
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We now prove the local (inhomogeneous) quadratic estimate.
at
t
Set Q%W .= tDg w(1 + 2(Dg )" and write

)
o o / |tDew(1 + D2 ) ul2S < [lull2.
0

T dt T dt
e up < [T1atWu— Qul T + ui

It suffices, since Q; = % (R—; — Ry), to note that

B,W BW  pBW B,W
I(R™ = RP)ullz < (R — Ry ™ ullz + II(Ry™ — RP)ullz

= 1> (R tweBY RPMu|| + | S RE(tWs REYru
k=1 2 k=1 2
S 1P| ullz,
since 1 —n/p > 0whenp > n. O

v
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To obtain the full (homogeneous) quadratic estimate we need to modify
the Hodge decomposition Ran(d) @ Ran(d*B) @ Nul(Dg) = L2.

Lemma

Nul((d* + W)B) & Ran(d) = L2
If max{|| Wi [|n, || Walln} < e, then{ Nula") & Fan(d + W) — L2 -
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To obtain the full (homogeneous) quadratic estimate we need to modify
the Hodge decomposition Ran(d) @ Ran(d*B) @ Nul(Dg) = L2.

Lemma

Nul((d* + W,)B) @ Ran(d) = L?
If max{||Wi||n, || Walln} <, then{ Nul(d*) & Ran(d + Wy) = L2 °

Proof.
If v e Nul((d* + Ws)B), then

|dul|3 < (du, B*du) = |(v + du, B*(d + W;)u) — (du, B*W; u)|
S [lv + dullz(fldullz + [ W2 Pull2) + [|dullz|| W2 Pull2
S v + dullzldullz + €| dul3,
Hid
1ae

50 ||V||2 + [|dull2 < ||v + dul|> and Nul((d* + W»)B) & Ran(d) C L2. [

4
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Set @?’W = t(d* + Wo)B(1 + t2(D%,W))_1
Lemma

If/ R Wun?dt < |ul2 Vu e Ran(d),

then/ 105 Wuuzdt < |ulg Vu e Nul(d).
0
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Set 07" = t(d* + Wo)B(1 + 3(DZ )"
Lemma
"’/ 103Wy \\2dt<|ru|rz vu € Ran(d),

then/ 105 WuH LUl vu e Nuld).
0

Proof.
Use Nul((d* + Ws)B) & Ran(d) = L2 to define

PV .12 5sRan(d), I—PY:L[%2 Nul((d*+ Ws)B).

If ue Nul(d) then
QPYWu = (1+ (D3 )" t(d + Wy + (d* + Wp)B)u

— (1 + 2(D3w)) ' t(d* + Wa)B(P" u+ (1 - PY)u)
B,.W
=o,"pW

u.
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Setting Py := (1 + t2D?)~1, write (for u € Ran(d)):

/ ot up% < / ||eBW(/—Pt)u||2dt / |eB¥p, szt
0 0

High frequency Low frequency
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Setting P; := (1 + t2D?)~", write (for u € Ran(d)):

dt dt dt
/0 o8 g < /0 [08(1 - PulES / o8 Pulg

High frequency Low frequency

Low frequency ingredients (minor modifications):
@ Off-diagonal estimates

MeRPps < ()"
ENt TRlz=2 ~ \ Gist(E, F) )
» Commutators [Dg + W, 1] = (Dg + W)n — n(Dg + W) = [Dg, 7).

@ Carleson measure estimates

4(Q)
sup [ £ 10f 1P <1
Q Jo Q

» Use test functions adapted Dg.
» Need ||[RE||2. 5215 for 2 +0 € (2, pM) to offset W.
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Lemma (High frequency estlmate)

/0 1081~ PYulgS < lul3

Yu € Ran(d).
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Lemma (High frequency estimate)

/0 1081~ PyulgS < ul3  vu < Ran(d).

Proof.
Using [P, dlu = [(1 + t2D?)~" dlu =0
O™ (1= Pu = Q" Prgr o) (I = Pu

— QF’WPR—an(d)t(d +d)Qu

= Q2" td Quu
= QP t(Dg + Wi + WoB)Przr .5y Qrtt — QW W1 Qru
= (I - PP)Pearia-5) Quu — Pty Quu
) Uniform er estimate Ouadrat;;restimate Schur estimate
for all u € Ran(d). O

4
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o
The Schur estimate uses / Q’g’u% ~ u and quasi-orthogonality:
0

Lemma
There exists o > 0 such that

1QBW 1, Qi (QsV) 2 < (min{

s t1\“ =
7,5}) Ivil2 Vv € Ran(D).
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o
The Schur estimate uses / Qf,u% ~ u and quasi-orthogonality:
0

Lemma
There exists o > 0 such that

. [s t)\“ _
17" Wy Qu(Qsv) |2 S (mln{7,§}> vz Vv e Ran(D).
Proof.
Write

QP .= PPYiDg w = PPYPtd B + P2V PtW,B
and estimate (with 2, < g* < 2)
|P2 Y PtWL BIW, Qi Qsvlla < t"/91/2) || tW, BEW, Qi Qv

S VB Wy ||| Wi ||| £ DP Pr(Psv) g
< t—n(1/q—1/2)+1 |sPsv

q**
S (/"B v,

v
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We need to justify using 2, < g* < 2, since g = 2, — 9!

Lemma
If||W|n < e, then there exists § > 0 such that

IPEW |l < ="/ @=0=1D| g, s Vu e L2~° 0 Ran(d").

Proof (when W = 0).
Choose q := 2, — ¢ so that g* € (py, 2).

Then
IPPullz = |RPPREPull;
< |t~/ =172 RE P o
S [t/ @==D) gy, s
for all u € Ran(d*). ]
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Lemma
If||W|n < e, then there exists § > 0 such that

IPEWully < 1t~/ C==12)y|l, 5 Vu e L2~ n'Ran(d*).

v

Proof (when || W||, < ).
Using W; = WP and W, = PW, we obtain

(D,w — D3)PPu = P(DgW; + WoBDg + W,BW;)PPPu
for all u € Ran(d*), so

PO u="%" PPIE(DE w — D3PI u
k=0

_ Z RP [RB,t?P(DgW; + WoBDg + WoBW;)PREIK  RB,u

LT — |2 LI* —L9* [2+=0 g

O

v
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Corollary (Conclusion)
There exists R > 0 such that Dg v has a bounded H>(Sy U Dg)
functional calculus,

[f(Dew)ullz < llull2 Yu e H*(Sp U Dp),

V4

e.g. f(Z) = \/ﬁ.

If max{||Wj||n, || Wa||n} <€, then Dg yw has a bounded H>(Sy)
functional calculus, e.g. f(z) =

ok
N
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