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Second order parabolic equations

Hu = (81‘ TF ﬁ)U = 0t — diV)\’XA(X7 t)V)\7XU =0 (0.1)

in RT2 = {(\, x, ) = (\, X1, .., Xn, 1) ER™T xR : X\ > 0}.

KIEP <D Ay &g, A DE- ¢ < CEllEl. (0.2)

i,j=0

A s real but no assumptions on symmetry of A. J
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Parabolic measure

Given f € Co(R™1) there exists a unique weak solution to the
continuous Dirichlet problem

Hu =0in R,
u € C([0,00) x R,
u(0, x, t) = f(x, t) on R™1,

uxt) = [ Hy.9)duhxity.9)

w(A, x, t,-): parabolic measure (at (A, x, t)). )
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Doubling property of parabolic measure

Q= Q(x):=B(x,r) CR", | = I,(t) := (t — r?, t + r?),
A= Ar(x, 1) = Q(X) x (1), L(A) :=r, cA = cQ x c?I.

Given r > 0 and (xo, fp) € R,

At (xo, ty) := (4r, X, oy + 16r?).
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Doubling property of parabolic measure

Q= Q(x):=B(x,r) CR", | = I,(t) := (t — r?, t + r?),
A= Ar(x, 1) = Q(X) x (1), L(A) :=r, cA = cQ x c?I.

Given r > 0 and (xo, fp) € R,

At (xo, ty) := (4r, X, oy + 16r?).

Theorem

Assume that A is real and satisfies (0.2). If (x, ) € R™,
0 < ry < o0, Ag :=Ap(Xo, to), then

w(AIrO (Xo, to), 2A) S W(AIrO(XO, to), A)

whenever A C 2.
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Definition: A..-property of parabolic measure

Definition

Let (X0, o) € R™1, 0 < rg < 00, Ag 1= Ap (X0, o). We say
w(Ay, (X0, 1), ") € Ass(Do,dxdt) if ¥ e > 034 = d(c) > 0 such
that if E C A for some A C Ay, then

w(A (X0, 1), E E
w(A4r0(X07 tO)vA) |A|

w € Aso(dxdt) if w(Ay, (X0, 1), <) € Aso(Do,dxdt) for all A as
above and with uniform constants.

If w eA(dxdt), then

dw (A;{,O(xo, th),x,t) =K (A;{,O(xo, to), X, t)dxdt.
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Main Result

Assume that A is real and satisfies (0.2). Then parabolic mea-
sure w belongs to A~ (dxdt) with constants depending only n
and the ellipticity constants.
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Main Result

Theorem

Assume that A is real and satisfies (0.2). Then parabolic mea-
sure w belongs to A~ (dxdt) with constants depending only n
and the ellipticity constants.

The result holds under no assumptions on A = A(x, t) besides
(0.2): t-dependent coefficients are allowed!

The result is new even in the case when A(x, t) is symmetric. |

L? results hold under stronger structural assumptions.
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Proof of the main result - references

@ S. Hofmann, C. Kenig, S. Mayboroda and J. Pipher.
Square function/non-tangential maximal function estimates
and the Dirichlet problem for non-symmetric elliptic
operators. J. Amer. Math. Soc. 28 (2015), 483-529.

@ C. Kenig, B. Kirchheim, J. Pipher and T. Toro. Square
functions and absolute continuity of elliptic measure. J.
Geom. Anal. 26 (2016), no. 3, 2383—2410.
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Main result: reduction to a Carleson measure estimate

To conclude that w € A, (dxdt) it suffices to prove

Theorem

Letu(X, x,t) = w(A, x,t,S) for some Borel set S C R™'. Then
u satisfies the following Carleson measure estimate for all
parabolic cubes A ¢ R™1:

oA)
/ / [Vaxul? Adxdtdx < |A. (0.3)
0 A
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Main result: reduction to a Carleson measure estimate

To conclude that w € A, (dxdt) it suffices to prove

Theorem

Letu(X, x,t) = w(A, x,t,S) for some Borel set S C R™'. Then
u satisfies the following Carleson measure estimate for all
parabolic cubes A ¢ R :

oA)
/ / [Vaxul? Adxdtdx < |A. (0.3)
0 A

‘Proof’: Given E C A, 6 > 0, there exists K(0), such that if
w(Aj,O(xo, t), E) < 6w (Ajro(xo, t), A), then there exists a set
S, E Cc SC A, suchthatif u(A, x,t) :=w(), x,t,S), then

70N
K()IE| < / / IV axul? Adxdtd.
0 A
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Main result: reduction to a Carleson measure estimate

It suffices to prove that

L(A)
/ / |Osul2 Xdxdtd) < |A], (0.4)
0 A

for all parabolic cubes A.
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Main result: reduction to a Carleson measure estimate

It suffices to prove that

10N
/ / |Osul2 Xdxdtd) < |A], (0.4)
0 A

for all parabolic cubes A.

To prove (0.4) it is enough to prove that the following holds: for
each parabolic cube A ¢ R™!, r := ¢(A), there is a Borel set
F c 16A with |A| < |F], such that

r
///|8,\u\2)\dxdtd)\§|A|. (0.5)
0 F
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Main result: reduction to a Carleson measure estimate

It suffices to prove that

10N
/ / |Osul2 Xdxdtd) < |A], (0.4)
0 A

for all parabolic cubes A.

To prove (0.4) it is enough to prove that the following holds: for
each parabolic cube A ¢ R™!, r := ¢(A), there is a Borel set
F c 16A with |A| < |F], such that

r
///|8,\u\2)\dxdtd)\§|A|. (0.5)
0 F

Reduction: need to construct F and verify (0.5). J
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Construction of the set F C 16A

Let A be fixed. Given kg > 1, we let F C 16A be the set of all
(x,t) € 16A such that

) M(VxeP)(x, 1) + M(IVx@P)(X, 1) < K5,

) Me M([HD20])(x, 1) + My M(|HiD} 2 31)(x, 1) < ko,
(iii) Do(x, t) + DJ(x, t) < ko,

) N(OAPp) (X, 1) + Nu(9xPag) (X, t) < ko,

) Nu(VxPio)(x, t) + Nu(VxPa@)(x, 1) < ko.
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Construction of the set F C 16A

Let A be fixed. Given kg > 1, we let F C 16A be the set of all
(x,t) € 16A such that

) M(VxeP)(x, 1) + M(IVx@P)(X, 1) < K5,

) Me M([HD20])(x, 1) + My M(|HiD} 2 31)(x, 1) < ko,
(iii)  De(x, ) +DG(x,t) < kKo,

) N(OAPp) (X, 1) + Nu(9xPag) (X, t) < ko,

) Nu(VxPio)(x, t) + Nu(VxPa@)(x, 1) < ko.

We can choose kg, depending only on n and the ellipticity
constants, so that

[16A \ F|

< 1/1000.
164 = /1000
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Proof of the Carleson measure estimate

After the delicate construction of F C 16A:
e = // AV xU - Vyxu W2\ dxdtd),
Ri+2

v =V, . is a smooth cut-off for a sawtooth above F. Then

.
/ // 0u? Adxdtd\ < Jy .
2¢ F

Lemma (Key Lemma)

Leto,n € (0,1) be given degrees of freedom. Then there exists
a finite constant ¢ depending only on n and the ellipticity
constants, and a finite constant ¢ depending additionally on o
and n, such that

Jne < (04 cn)dyc + ElA|.
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Weak solutions

u is a weak solution on R+ x R if u € L2 _(R; W 2(R*)) and
for all ¢ € C°(R7F2),

/ // ; (AV)\’XU 0 V>\7X¢ —Uu- 8t¢>) dxd\dt = 0. (0.6)
R JJRT

A problem: if we somehow want to control

IVaxll2 + [[H:Df pull2

we notice a lack of coercivity in the form in (0.6).
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Discovering hidden coercivity

8 = D}2HyD}"?(= |7|1/2isign(r)|7|1/2).
t t

Consider the modified form
as(u,v) = // ZAVA,XU-VA,XU + 0H;)v d\dxdt
R

+ // _H:D2u- D*(1 + 5Hy)v d)dxat,
R

where § > 0 is a (real) degree of freedom.
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Discovering hidden coercivity

8; = D}2H;D}/?(= |r|/2isign(r)|r|!/2).
t t

Consider the modified form
as(u,v) = // ZAV/\,XU'VA,X(1 + 0H;)v d\dxdt
R

+ // _H:D2u- D*(1 + 5Hy)v d)dxat,
R

where § > 0 is a (real) degree of freedom.

If we fix § > 0 small enough, then

as(u, u) > (k — CO)[[Vaxull3 + 8l H: D2 ull2

where k, C are the ellipticity constants for A.
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(AL ) A (xgt)
A1) = [Au(x, t) Am‘\‘(x’ t)} ‘ I

7‘[” = 81 — divx AH”VX. J
ﬁ = at*d|VXAﬁHvX J
0r = D}/2H,D}*(= |[V/2isign(r)|r[1/2). |

E = E(R™"): the closure of v € CZ°(R™1) w.r.t.

1/2 1/2
IVle = (IVxVIZna + 1HD; 2 VIoqgr) )
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Representations of A, and A, : introducing ¢ and ¢

Given A = A, c R™ | there exist ¢, € E(R"1) such that

,HTISD = divx(ALx8a) HH@ = divx(A;x8a);

and satisfying the a priori estimates

// \chp\z—l—]HtD;/zgp]dedt,i// AL P dxdt < |A],
R+1 16A

// |vx¢|2+|H,D}/2¢y2dxdt§// A2 dxdt < |A].
RN+ 16A
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The Kato square root estimate

E— E(R”H) — E(R”H) N LZ(R”H)_

Theorem

The operator H, = 0 — div A””(x, t)Vx arises from an
accretive form, it is maximal-accretive in L2(R"t') and

/M) ullz ~ [Vxtill2 + |H:D}2ully - (u € E).

No assumptions on A = Ay (x, t) besides measurability and
uniform ellipticity: t-dependent coefficients are allowed!

The case Aﬁ” = AHII does not follow from abstract functional
analysis as | not self-adjoint.
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Extending ¢ and ¢: introducing P;¢ and P,@

Given m € Z, A > 0 we introduce
Plo=(1+XH)) ™, Pxg:=(1+X33))""3,
within the homogeneous energy space E(R™1).

Lemma

There exists ¢, 1 < ¢ < oo, depending only on n, the ellipticity
constants and m > 1 such that

. . p dxdtd\
(i) /// 0P + [0 PrGP < clAl.
Ri+2 )\

Proof: 0\P\@ = —2m, [ X2H (1 + X2H))~" 1\ /H; 5.
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Square function estimates

Lemma

There exists ¢, 1 < ¢ < oo, depending only on n, the ellipticity
constants and m > 1 such that

. -5 dxdtd)
/ﬂ 0\PSo + 103 PGP < clAl,
RIIFZ )\

dxdtdA
A

—~
b
~—

(ii) /// o ‘)\an)\P;‘\QOF aF ’)\VXGAPAQEF < C’A‘,
)

. 1 dxdtd\
i) ] Pl + 1P ST < ala,
Ri+2

g * " _ o dxdtd\
) [I] 0P + Ny o PipE ST < ol
+
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A non-tangential maximal function estimate

N*F(X,t):SUp sup |F(,u,y,3)|
A>0Ax Qx|

Fix m = n+ 1 in the definitions of P} and Py. Then

INC@OAPEIIE + IINW(OAPAB)II3 S |A.
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A non-tangential maximal function estimate

N.F(x,t) =sup sup |F(u,y,s)|
A>0AXQx!

Lemma

Fix m = n+ 1 in the definitions of P} and Py. Then

IN(0xP3@)I[3 + [IN(DAPAD)IIE < 1.

| A

Lemma

For A >0 and m > 1, the resolvent Py = (1 + A\2H,))~™ can be
represented by an integral kernel K\ ,, with pointwise bounds
|2

C1 ) (t—S s e
|IKxm(x,t,y,8)| < (0)\2)[(”)( s)” nj2+m-1, e clx=y .
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Construction of the set F C 16A

Let A be fixed. Given kg > 1, we let F C 16A be the set of all
(x,t) € 16A such that

) M(VxeP)(x, 1) + M(IVx@P)(X, 1) < K5,

) Me M([HD20])(x, 1) + My M(|HiD} 2 31)(x, 1) < ko,
(iii)  De(x, ) +DG(x,t) < kKo,

) N(OAPp) (X, 1) + Nu(9xPag) (X, t) < ko,

) Nu(VxPio)(x, t) + Nu(VxPa@)(x, 1) < ko.

We can choose kg, depending only on n and the ellipticity
constants, so that

[16A \ F|

< 1/1000.
164 = /1000
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Proof of the Key Lemma

uW2 ) is a test function for the weak formulation:

0= // AVl - Vax(UW2X) + dru(uw?\) dxdtda.
R

J:=J,e=Ji + Jo+ J3, where

o= —/// AV xU -V xW?)u Adxdtd),
R

b = — /// 2(AVA,XU-VA,XA)U\UzdxdtdA,
R

J3 = — // dru(uW?\) dxdtdA.
R1+2

||+ |J3| < od +ClA]
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Proof of the Key Lemma

Jo = o1 + Joo, Where

Sy = — /// (AL - Vxu)uw? dxdtd),
Ri+2

R1+2

To estimate J>; we use that
urw?

ALH VX<

and we write Joy = Jo11 + Jo12, Where

2\w2
J211 = —/// A¢|| -VX<U hd >dthd)\,
Rn+2 2
J212 = //] J_H )U W dxdtd .

> = (AL” . VXU)UWZ + (AL” . VX\U)UZ\U
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Proof of the Key Lemma

We introduced ¢ as the energy solution on R to the problem
divx (A xsa) = —0rp — divk (A} Vxp) = Hjp.
Let 0;x = ¢ — P} . Then, splitting ¢ = 0, + P, and
Jo11 = o111 + Jat12 + J2113 + Jorig,
where

2w2

o111 = /// (Hm)at<u2 >dXde)\,

R}t2

. alg
R}+2
U2\U2

J2113 = // AﬁHvxe??)\'VX( 5 )dthdA,

RH2

AUz
Ri+2 2
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Proof of the Key Lemma

Jo112 + Joq14 equals (by a sequence of manipulations)

2w2
Rn+
2w2
R" 2 2

+ /// +2 (a/\P;ikA‘P)VXU : (AVA,XU)”W2 Adxdtd
RY

+.

The two first terms can be controlled with the square function
estimates for [A\Vxd\ Py, p2A~ |)\'H*P*)\Lp|2)\ ’

To handle the third term we use the pointwise control of 0, P}, ¢ l
on the sawtooth.
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Proof of the Key Lemma

All in all we derive
11| < (04 cn)d + E|A| + Iy,
where

Iy = // 2A||L-Vx(u2W26)\P;A<p)dxdtd/\
R

We introduced @ as the energy solution on R to the problem
diVX(A”J_XgA) = 81(,5 — dIVX(A”HVX(ﬁ) = ’H”@

Let 0,5 = ¢ — P,n@. Then, splitting ¢ = 6, + P,n@ and ........
we can in the end control all terms !
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