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Resumen: 

El operador de Schrödinger es un elemento clave en la mecánica cuántica, que se emplea para 

analizar diferentes sistemas. Sus llamadas autofunciones son funciones de onda para un 

sistema con potencial V. El conjunto nodal de estas autofunciones representa los puntos en los 

que un evento tiene probabilidad cero de ocurrir. En 2001, el físico Michael Berry (Universidad 

de Bristol) consiguió construir funciones de onda para el átomo de hidrógeno para las que el 

conjunto nodal contenía una curva conocida como nudo trébol. Además, conjeturó que es 

posible realizar cualquier topología como parte del conjunto nodal de una función de onda 

para algún sistema cuántico. Esto es precisamente lo que han probado Alberto Enciso (ICMAT), 

David Hartley (ICMAT), y Daniel Peralta-Salas (ICMAT) en un artículo que aparecerá en el 

siguiente número de la revista de la Sociedad Europea de Matemáticas.  

Más información: 

Complex-valued functions,  , that are eigenfunctions of the Schrödinger operator, i.e. that 

satisfy the relationship  

 (−∆ + 𝑉)𝜓 =  𝜆𝜓   (1) 

for some constant 𝜆, are the wavefunctions for a system with potential V . Here ∆ is the 

Laplacian in ℝ3 which is given in Cartesian coordinates by  

∆ =  
𝜕2

𝜕𝑥2 + 
𝜕2

𝜕𝑦2 + 
𝜕2

𝜕𝑧
     (2) 

The nodal set  𝜓−1(0), also called the zero set, of a wavefunction represents where an event 

has zero probability of occurring. It is also related to the dislocations of the system 

(singularities of the current field). Note that typically the nodal set of a complex-valued 

function will be a curve in ℝ3. In 2001 Professor Sir Michael Berry was able to construct 

wavefunctions of the hydrogen atom (V = -2/r, with 𝑟2  =  𝑥2  + 𝑦2  +  𝑧2) where the nodal 

set contained a trefoil knot, see Figure 1(a).  



 

He also conjectured that it should be possible to realize any topology, for example the 

Borromean rings in Figure 1(b), as part of the nodal set of a wavefunction to some quantum 

system. 

In a paper to appear in the Journal of the European Mathematical Society researchers Alberto 

Enciso (ICMAT), David Hartley (ICMAT), and Daniel Peralta-Salas (ICMAT) provided a proof of 

this conjecture. In fact the paper, titled A problem of Berry and knotted zeros in the 

eigenfunctions of the harmonic oscillator, considered only the quantum harmonic oscillator 

system (V = 𝑟2) and proved that for any link in R3 there exists a wavefunction of this system 

containing the link in its nodal set. The eigenvalues (values of 𝜆 in (1) for which a wavefunction 

exists) of the harmonic oscillator are of the form 𝜆𝑁 = 2N + 3, for N ∈ ℕ, which allows the 

authors to consider what happens at large energies (large 𝜆). In this situation, after a rescaling 

of space by a factor of √𝜆, the wavefunctions approximate, in the sense  

  (3) 

where B is a bounded set, solutions of the Helmholtz equation (∆+ 1) 𝜑= 0   (4)  

The authors show that any link can be realized as a component of the nodal set of some 

solution to (4) and that the component is structurally stable, i.e. perturbing the function 

slightly does not a ect the topology of the nodal set. The existence of a high energy 

wavefunction with a nodal set containing a link of the same topology as the one considered 

then follows from the approximation mentioned above. 

An important property of the Schrödinger operator is that there is high degeneracy of each 

eigenvalue, in particular for each N ∈ ℕ there are 
1

2
(N + 1)(N + 2) linearly independent 

solutions to (1). This ensured the existence of families of wavefunctions, all of the same 

energy, with a rich behavior in the angular variables. This was key in proving any solution of (4) 

has a wavefunction close to it (in the sense of the estimate (3)). An interesting aspect of the 

result is that the rescaling of space means that the important component of the nodal set of 

the wavefunction will be contained in a small ball of order 𝜆
−1

2 . 

In a recent paper by the same authors, Dislocations of arbitrary topology in Coulomb 

eigenfunctions (accepted for publication in Revista Matemática Iberoamericana) the problem 

is reconsidered in the hydrogen atom setting, which was where Berry did his original work. 



This setting introduces new problems such as the singularity of the operator at the origin and 

the energy of the wavefunctions being bounded, 𝜆𝑁 = 
−1

𝑁2 

However, the high degeneracy in each eigenvalue remained and allowed the authors to again 

prove the conjecture using this potential, in this case realizing the links inside a ball of radius 
√𝜋

4
  (that is, of order 1). 

The fact that fine aspects related to the degeneracy of the eigenspaces is crucial for the proof 

is remarkable. Indeed, the harmonic oscillator and Coulomb potentials are the prime example 

of what is called in physics “accidental degeneracy", which the property that the proof actually 

hinges on. Accidental degeneracy is a manifestation of the superintegrability of the Coulomb 

and harmonic oscillator systems. Therefore, in a way, the proof can be regarded as a quite 

surprising application of superintegrability to the study of nodal sets of eigenfunctions of 

Schrödinger operators. 

  


