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CONTROL OF SINGULAR FOURIER MULTIPLIERS BY MAXIMAL OPERATORS
Jonathan Bennett, University of Birmingham

We present some recent results on the control of singular (or “rough”) Fourier multipliers
by geometrically-defined maximal operators via general weighted L2(R) norm inequali-
ties. The multipliers involved satisfy certain weak Marcinkiewicz-type conditions, and permit
highly oscillatory factors of the form ei|ξ|

α
for both α positive and negative. The maximal fun-

ctions that arise are of some independent interest, involving fractional averages associated
with tangential approach regions (related to those of Nagel and Stein), and improper frac-
tional averages associated with “escape” regions. Some extensions to higher dimensions
are discussed.

THE BILINEAR BOCHNER-RIESZ PROBLEM
Frédéric Bernictot, CNRS - Université de Nantes

Motivated by the problem of spherical summability of products of Fourier series, we will
describe results about the boundedness of the bilinear Bochner-Riesz multipliers, associated
to the bilinear symbol (1−|ξ|2−|η|2)δ+. We obtain an optimal result concerning the bounded-
ness of these means from L2 × L2 into L1 with minimal smoothness, i.e., any δ > 0, and we
obtain estimates for other pairs of spaces for larger values of δ. Our study is broad enough
to encompass general bilinear multipliers m(ξ, η) radial in ξ and η with minimal smoothness,
measured in Sobolev space norms. The results obtained are based on a variety of tech-
niques, that include Fourier series expansions, orthogonality, and bilinear restriction and
extension theorems.
This is a joint work with L. Grafakos, L. Song and L.X. Yan.



THE YAMABE PROBLEM ON SINGULAR SPACES
Gilles Carron, Université de Nantes

It is a joint work with Kazuo Akutagawa (Tokyo Tech.) and Rafe Mazzeo (Stanford Univer-
sity). We study the existence of the metric of constant scalar curvature in a conformal class
on stratified spaces. It is a generalization of earlier results of K. Akutagawa and B. Botvinnik
(GAFA 2003). We will describe the setting and explain how idea from the theory of Dirichlet
space are relevant in this context.

A NEW APPROACH TO POINTWISE HEAT KERNEL UPPER BOUNDS ON DOUBLING
METRIC MEASURE SPACES

Thierry Coulhon, Australian National University

On doubling metric measure spaces endowed with a Dirichlet form and satisfying the
Davies-Gaffney estimate, we show some characterisations of pointwise upper bounds of
the heat kernel in terms of one-parameter weighted inequalities which correspond respec-
tively to the Nash inequality and to a Gagliardo-Nirenberg type inequality when the volu-
me growth is polynomial. This yields a new and simpler proof of the well-known equivalence
between classical heat kernel upper bounds and the relative Faber-Krahn inequalities. We
are also able to treat more general pointwise estimates where the heat kernel rate of de-
cay is not necessarily governed by the volume growth. This is a joint work with Salahaddine
Boutayeb and Adam Sikora.

THE RISE, FALL AND REBIRTH OF THE MUCKENHOUPT-WHEEDEN CONJECTURES
David Cruz-Uribe, Trinity College

In the 1970s, Muckenhoupt, Wheeden and others began the systematic study of weigh-
ted norm inequalities. In the so-called one-weight case, they showed that the correct con-
dition for many weak and strong-type inequalities for maximal operators or singular integrals
is that w ∈ Ap:

[w]Ap = sup
Q

(
−
∫
Q
w(x) dx

)(
−
∫
Q
w(x)1−p′ dx

)p/−1

<∞.

When the single weight w is replaced by a pair of weights (u, v) the analogous two-
weight Ap condition is necessary but not sufficient. Muckenhoupt and Wheeden made a
series of conjectures for sufficient conditions for singular integrals to satisfy two-weight, weak
and strong (p, p) inequalities. Though very influential, almost no direct progress was made
on these conjectures until very recently.

Since 2005 the Muckenhoupt-Wheeden conjectures became the subject of renewed
interest because they were shown to be closely connected to the important A2 conjecture
regarding sharp constants in one-weight norm inequalities. In 2010 the A2 conjecture was
proved, and soon thereafter all of the original conjectures were shown to be false. But at the
same time a number of related conjectures were proved and new problems were raised.

In this talk I will discuss the history of the Muckenhoupt-Wheeden conjectures, sketch
their connection to the A2 conjecture, and then describe recent joint work with Chema
Martell, Kabe Moen, and Carlos Pérez on generalizations of the Muckenhoupt-Wheeden
conjectures.



A VARIANT OF THE ALT, CAFFARELLI, FRIEDMAN FREE BOUNDARY PROBLEM
FOR THE LOCALIZATION OF EIGENFUNCTIONS

Guy David, Université de Paris Sud, Orsay

This describes ongoing joint work with Marcel Filoche, David Jerison, and Svitlana May-
boroda. We would like to decompose a given domain Ω ⊂ Rn intoN disjoint pieces Ω1, . . . ,ΩN

where we hope that the eigenfunctions of the Laplacian, or a Schrödinger operator will be
localized, and for this we introduce a functional J like:

J(u1, . . . , uN ; Ω1, . . . ,ΩN ) = F (Ω1, . . . ,ΩN ) +
∑
i

∫
Ωi

|∇ui|2 −
∑
i

∫
Ωi

ui,

where F is a simple function of the volumes of the Ωi, and each ui ∈ W 1,2(Ωi) is a Sobolev
function constrained to be supported in the corresponding Ωi. Studying the minimizers of J
leads to a free boundary problem similar to those of Alt, Caffarelli, Friedman, but with more
phases (the functions ui).

THE CALDERÓN PROBLEM IN TRANSVERSALLY ANISOTROPIC GEOMETRIES
David Dos Santos Ferreira, Université de Lorraine

Calderón’s inverse problem is whether it is possible to recover the electric conducti-
vity of a body by making current and voltage measurements at the boundary. There have
been numerous advances in the two dimensional case but the higher dimensional pro-
blem remains a challenge, in particular for anisotropic conductivities. The problem can be
recast in geometrical terms, and the question is whether the Cauchy data of harmonic
functions on a compact Riemannian manifold with boundary determine the metric (up to
the natural invariance by isometries which leave points of the boundary unchanged). So
far only the case of analytic metrics is well understood, as well as the case of metrics in the
conformal class of the Euclidean metric. The answer to this inverse problem in a conformal
class of smooth metrics is the consequence of a similar inverse problem on the Schrödinger
equation. For certain metrics which present a warped product structure with an Euclidean
factor, it is possible to give partial answers. In my talk, I will try to present the construction of
certain quasimodes and to show how this inverse problem in a conformal class of warped
products is connected to problems in tomography, namely the injectivity of the geodesic
ray transform.

BILINEAR EMBEDDING: FROM RIESZ TRANSFORMS TO SPECTRAL MULTIPLIERS
Oliver, Dragičević, Univerza v Ljubljani / University of Ljubljana

We present a common approach to proving a series of Littlewood-Paley-type estimates
(called “bilinear embeddings”) for semigroups generated by various operators: ordinary La-
placian, Schrödinger operators, elliptic operators in divergence form, Ornstein-Uhlenbeck
operator, Laplacians on Riemannian manifolds, sublaplacians on Heisenberg-type groups,
generators of symmetric contraction semigroups. They are motivated by wanting to prove
corresponding Riesz transform estimates, square function estimates or, in the last case, esta-
blishing a functional calculus of such generators. The approach consists of a variant of the
heat-flow method adapted to a particular function invented by Nazarov and Treil in 1995.
Their work was one of the early examples of the Bellman function technique, developed
beforehand by Nazarov, Treil and Volberg. Recent results of ours show that the scope of the
function reaches beyond “euclidean” settings.

Based on joint works with Alexander Volberg and Andrea Carbonaro.



PROFILE DECOMPOSITIONS AND NAVIER-STOKES EQUATIONS
Isabelle Gallagher, Université Paris-Diderot - Institut de Mathématiques de Jussieu

This talk is devoted to the presentation of some applications of the theory of profile
decompositions to the Navier-Stokes equations. We show how this theory enables one to
prove the blow up of scale-invariant norms at blow-up time (assuming such a time exists),
and we define a new, anistropic profile decomposition which shows in what sense the set
of global solutions to the Navier-Stokes equations is open for the weak topology.

ON INCOMPRESSIBLE FLOWS WITH SINGULAR VELOCITIES
Francisco Gancedo, Universidad de Sevilla

The purpose of the talk is to establish several existence, uniqueness and ill-posedness
results for two families of active scalar equations with velocity fields determined by the sca-
lars through very singular integrals. The first family is a generalized surface quasi-geostrophic
equation with the velocity field u related to the scalar θ by u = ∇⊥Λα−1θ, where 0 < α ≤ 1
and Λ = (−∆)1/2 is the Zygmund operator. The borderline case α = 0 corresponds to the sur-
face quasi-geostrophic equation and the situation is more singular for α > 0. We obtain the
local existence and uniqueness of classical solutions, the global existence of weak solutions
and the local existence of patch type solutions. The second family is a singularly modified
version of the 2D incompressible porous media equation with the velocity field v given by
the scalar ρ as follows: v = −∇Λ−2+α∂x2ρ− (0,Λαρ), for 0 < α ≤ 1. Here, the case α = 0 yields
Darcy’s law. In contrast, for the last singular active scalar equation local well-posedness
does not hold for smooth solutions, but it does hold for certain weak solutions.

UNIFORM Lp → Lp
′

RESOLVENT ESTIMATES
Colin Guillarmou, ENS Paris

We prove sharp uniform resolvent estimates (or equivalently uniform Sobolev estimates)
à la Kenig-Ruiz-Sogge on non-trapping manifolds which are asymptotically euclidean or
conic near infinity. This is joint work with Andrew Hassell and based on work with Hassell and
Sikora.

THE KORTEWEG-DE-VRIES EQUATION AT H−1 REGULARITY
Herbert Koch, Universität Bonn

In joint work with T. Buckmaster we prove uniform apriori estimates for solutions to KdV in
H−1 and stability of solitons in that space. The proof relies on the Miura map, which relates
both, the apriori estimate and stability of the soliton to stability of the kink for defocussing
modified KdV.

ON SOME ESTIMATES INVOLVING DYADIC POSITIVE OPERATORS
Andrei Lerner, Bar-Ilan University

We first review briefly a recent proof of the A2 conjecture based on an estimate of Cal-
derón-Zygmund operators by sufficiently simple dyadic positive operators. Then we show
that similar ideas can be used to get the corresponding bounds for Littlewood-Paley ope-
rators and multilinear singular integrals. Our estimates hold on an arbitrary Banach function
space. On one hand, this solves basic questions on sharp weighted norm inequalities. On
the other hand, there are several open questions showing that it would be interesting to
extend our approach to quasi-Banach spaces.



POISSON UPPER BOUNDS FOR THE DIRICHLET-TO-NEUMANN OPERATORS
Elmaati Ouhabaz, Université Bordeaux

We prove Poisson upper bounds for the kernel Kt of the semigroup generated by the
Dirichlet-to-Neumann operator if the underlying domain is bounded and has aC∞-boundary.
We also prove Poisson bounds for Kz for all z in the right half-plane and for all its derivatives.
The method is based on commutators of pseudo-differential operators. This is a joint work
with T. ter Elst (Univ. of Auckland).

DIRECTIONAL MAXIMAL OPERATORS AND LACUNARITY IN HIGHER DIMENSIONS
Javier Parcet, Instituto de Ciencias Matemáticas

Given a set Ω in the unit sphere of Rn, let

MΩf(x) = sup
ω∈Ω

sup
r>0

1

2r

∫ r

−r
|f(x− sω)| ds

for f smooth. If p > 1, the behavior ofMΩ as a (densely defined) operator in Lp(Rn) is deeply
connected with some fundamental problems in harmonic analysis. We are particularly in-
terested in the geometric aspect of infinite sets Ω which lead to a bounded operator in Lp.
This problem was recently solved in dimension 2 by Bateman, who showed that finite-order
lacunarity of Sjögren-Sjölin is best possible. In this talk, we will discuss the same problem for
n ≥ 3 introducing new notions of lacunarity which are also valid in higher dimensions. We will
relate these notions with the Lp boundedness of directional maximal operators MΩ. Joint
work with K. Rogers.

A CHARACTERIZATION OF PRODUCT BMO
Stefanie Petermichl, UPS Toulouse

We consider commutators of multiplication by a BMO symbol and Calderon Zygmund
operators. It is a classical result of Coifman, Rochberg and Weis which states that such com-
mutators are always bounded if the symbol belongs to BMO (upper bound) and that the
class of Riesz transforms is representative in the sense that boundedness of the commuta-
tors with all Riesz transforms implies that the symbol is in BMO (lower bound). Investigations
by Uchiyama and Lee then replaced the collection of Riesz transforms by a much more
general collection of CZOs. We extend this direction to the multi parameter situation where
we face iterated commutators and product BMO. This is a generalization of a line of cha-
racterization results by Lacey and different collaborators. Joint work with Laurent Dalenc.

THE INCOMPRESSIBLE NAVIER-STOKES EQUATION ON HYPERBOLIC SPACES
Vittoria Pierfelice, Université d’Orléans

We shall prove dispersive and smoothing estimates for Bochner type laplacians on non
compact Riemannian manifolds with constant Ricci curvature.

These estimates will be used to prove Fujita-Kato type theorems for the incompressible
Navier-Stokes equation on hyperbolic spaces.

We shall also discuss the global well-posdness in the two dimensional case.



RIESZ TRANSFORMS FOR THE HODGE-DE RHAM LAPLACIAN ON THE
HEISENBERG GROUP

Fulvio Ricci, Scuola Normale Superiore, Pisa

The spectral analysis of the Hodge-de Rham laplacian on the Heisenberg group has
been carried over jointly with D. Müller and M. Peloso. We discuss some aspects of this
analysis, focusing on the Lp-boundedness of the Riesz transforms between spaces of diffe-
rential forms of different degrees on one side, and on the presentation of a relevant algebra
of pseudo-local multiplier operators on the other.

A LIMITING CASE FOR THE EQUATION DIV u = f
Emmanuel Russ, Université Joseph Fourier

Let Ω ⊂ Rd be a smooth bounded domain. If f ∈ Ld(Ω) with
∫

Ω f(x)dx = 0, it is well-
known that there exists u ∈W 1,d

0 (Ω) such that div u = f with ‖Du‖Ld(Ω) . ‖f‖Ld(Ω). In general,

u /∈ L∞(Ω), but Bourgain and Brezis proved that the existence of u ∈W 1,d
0 (Ω)∩L∞(Ω) solving

div u = f with ‖Du‖Ld(Ω) + ‖u‖L∞(Ω) . ‖f‖Ld(Ω).
This talk is devoted to the extension of this result to the case when f belongs to fractio-
nal Sobolev spaces on Ω. This is joint work with P. Bousquet (Aix-Marseille Université) and P.
Mironescu (Université Lyon I).

THE BOUNDED L2 CURVATURE CONJECTURE IN GENERAL RELATIVITY
Jérémie Szeftel, Ecole Normale Supérieure, Paris

In order to control locally a space-time which satisfies the Einstein equations, what are
the minimal assumptions one should make on its curvature tensor? The bounded L2 curva-
ture conjecture roughly asserts that one should only need L2 bound on the curvature tensor
on a given space-like hypersuface. This conjecture has its roots in the remarkable develop-
ments of the last twenty years centered around the issue of optimal well-posedness for
nonlinear wave equations. In this context, a corresponding conjecture for nonlinear wave
equations cannot hold, unless the nonlinearity has a very special nonlinear structure. I will
present the proof of this conjecture which sheds light on the specific null structure of the
Einstein equations. This is joint work with S. Klainerman and I. Rodnianski.

L2 BOUNDEDNESS OF RIESZ TRANSFORMS AND RECTIFIABILITY
Xavier Tolsa, ICREA - Universitat Autònoma de Barcelona / Universidad Autónoma de

Barcelona

In this talk I will explain the results of a joint work with Fedor Nazarov and Alexander
Volberg where we show that if E is a set in Rn+1 with finite n-dimensional Hausdorff measure
and the n-dimensional Riesz transform with respect to this measure is bounded in L2, then E
is n-rectifiable. In the case of AD-regular measures, this solves the so called David-Semmes
problem in codimension 1. I will also survey other related results.



ROTATING VORTEX PATCHES
Joan Verdera, Universitat Autònoma de Barcelona / Universidad Autónoma de Barcelona

A vortex patch is a solution of the vorticity equation (for the Euler equation in the plane)
associated with an initial condition which is the characteristic function of a domain. Since
vorticity is conserved along trajectories at time t vorticity is 1 on some domain Dt and zero
on C \Dt. The shape of Dt is extremely complicated except for some very special domains,
called V−states, which rotate around their center of mass with constant angular velocity.
Ellipses are the only known explicit V−states. Other V−states exist by a theorem of Burbea,
which involves bifurcation from circles. We prove that V−states have C∞ boundary provi-
ded they are close to the circle of bifurcation in the Lipschitz norm (they are also convex if
they are C2 close to the circle of bifurcation). We will also mention work in progress related
to doubly connected V−states.

SPECTRAL MULTIPLIER THEOREMS
Weis Lutz, Karlsruher Institut für Technologie

We dicuss spectral multiplier theorems of Hörmander and Mihlin type for 0-sectoria ope-
rators which include the cassical Laplace type operators on manifolds and graphs. We give
characterizations and criteria for such multiplier theorems using the Hoo functional calculus
and abstract Paley-Littlewood decompositions.


