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Atiyah’s Conjecture on the L2-Betti numbers of manifolds can be formulated in purely al-
gebraic terms, involving only the values of the canonical trace on certain projections on
matrices over the von Neumann algebra of the fundamental group N (Γ) [3]. We will state an
equivalent formulation, which uses a canonical rank function on the ∗-regular algebra U(Γ)
of Γ, which is the classical ring of quotients of N (Γ).

A version of Atiyah’s Conjecture asserted that the values of this rank function on matrices
over QΓ are contained in the subgroup of Q generated by the inverses of the orders of the
finite subgroups of Γ. This version of the conjecture was disproved in [2], the counterexample
being the so-called lamplighter group G. It remains an open problem to determine, given a
group Γ, what are the possible values of the canonical rank function on matrices over QΓ.
This problem is closely related to the determination of the ∗-regular closure of QΓ inside UΓ.

In [1], we have determined the structure of the ∗-regular closure of certain natural subalgebra
of the group algebra KG, where G is the lamplighter group and K is any subfield of the
complex numbers closed under conjugation. The set of values of the canonical rank function
on matrices over this ∗-regular subalgebra of U(G) turns out to be exactly the set of all
non-negative rational numbers.
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