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Extended Finite element method

Remeshing and Enriching the

doubling nodes shapes functions
Discontinuous Asymptotic shape
shape functions functions
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Classifying nodes and elements

B Standard elements

[ 1Tip elements
[ ]Heaviside elements
® Positive Heaviside nodes
® Negative Heaviside nodes

® Tip nodes
—+F—— Real crack
Approached crack
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Heaviside elements

if x e QT
otherwise,

Doubling degree
of freedom
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Heaviside elements
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Tip elements

4

" Ni(@) fur+ Hi@ag + 3 Wa(@)bf
N—

”/’ W
I -7 > )
EN -7 lzéNH a=1 IéNT

Standard D.O.F Heaviside D.O.F = Tip D.O.F

Uy = (L[ZIENH

b? : IENT,CM: 1.2.3.4
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Enriched finite element

Uy (z) = \/(fr) sin(%) Uy(z) = \/(’r‘) COS(g—)
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Discrete variational formulation

J%uy,
Ot2 .V | T+ a(uh,vh) — L(Vh) — t, - VhdS,
I'.

(up(0),vy) = (ag,vp),

811h
(W(O)a"h) = (ug,vp),

for all vy, € Vj, ={vy : v, =0o0n I'p}.

/th-vhdr = / t;;-v;deJr/ t, v, dl = [ t7 -[v]dl
I, r T re
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Discrete jump operator

Sptn =2 (Ngd+ /rNp b
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Discrete jump operator
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Commutative diagram data structure
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Time discretization

Newmark schemas
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Computing predictors
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Computing accelerations

(M + BALEK)G" T = Frtl g gtpntl _ ggnts
GG+t 4 parar ) = 9

Non linear equation

Semi-smooth linear equation
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Computing displacements and velocities
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Numerical examples

Rayleigh wave Cracked body



D:/cursos/autonoma11/ondasAnimaciones/test1e-2displ.avi
D:/cursos/autonoma11/ondasAnimaciones/test1e-2stress.avi
D:/cursos/autonoma11/ondasAnimaciones/XFEM_rayAdap5.avi.avi
D:/cursos/autonoma11/ondasAnimaciones/exacta_vs_FEMdata5_vs_XFEMcomprimido.avi
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Inverse problems

AJnigueness and stability for problems where the
unknown Is a geometric object is a classical subject, but
IS not completely solved for crack problems.

Anverse crack problems are regarded as difficult, mainly
because they are ill-posed.

AThe instability induced in the ill-posed problem makes
difficult numerical calculation. The use of regularization
computational procedures is necessary?.
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Almansi lemma

— THEOREM 7 (Almansi lemma) Let Q be a smooth open domain. Assume that
there exists some relative open subset A C 0Q) with positive measure such that
the field u s solution of the following linear elastic problem:

V.-o(u)=0 1in £, (55)
u—0 on A, (56)
t(u) =0 on A, (57)
(58)
thenu = 0 in €. N.I.Muskhelishvili, Some basic problems of mathematical theory of elasti-

city. North International Publishing. The Netherlands,1975.

Holmgren’s theorem
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Crack identification: An example

bou
I

Non null
traction

t(u') =0
A.B Abda, H.B. Ameur and M. Jaoua Identification of 2D cracks by elastic
boundary measurements, Inverse Problems 15, 67-77, 1999.
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Crack identification: An example

{20 connected component of the set (2 \ (I'luTr?)

Observation zone

V.-o=0 in .
u=0 on Ip,
t(uy=0 on I'y
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Crack identification: An example

{20 connected component of the set (2 \ (I'luTr?)

A observable part

Almansi lemma

— u? in Qg
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Crack identification: An example

O connected component of the complementary set
V-el=0 in O,

t(u')=0 on ONT},
t(u')=t(u’) =0 on ONI?

u' is a rigid motion h in C
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Crack identification: An example

w=ul — h

O Connected component of complementary set
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Crack identification: An example

w=ul — h

O Connected component of complementary set
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Reciprocity gaps

Vips, = Vips s tW)lpy, =tV s Vip, =0}
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Adjoint state

0°w ,
p81‘2 —V-o=0 in (2,

w=0 on Ip.
t(w)=g, on Iy,
ow

w(x,T) = 0; W(:IB,T) =0 in €.

Ve={vel®Q) : vlg € H(QR?), v|,- € H(Q;R?),

Vlrjgc — Vlrgc ; t(v)lrjfc = t(v)lrgc : VlI‘D =0}
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Variational gap

for all v in Vc , with initial conditions

for all v in Vc , with final conditions
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Reciprocity gaps

/0 ) /P ) [

T 2 2 T
0%u 0w | |
-G G wasar ([ s Lewar

T
/ (/ (g, -u—gw)ds — / f- wd::c) dt
0 T'n Q

In order to the identify the unknown crack we have a measurement u of
the displacementover agogdarttheld ext ernleme bou
consider loads such as ga(x) = 0 if x # Oy \ Ug, the reciprocity gap is
known for each choice of ga.
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Cavities and cracks

tc
7
tip q

Cavity

Cracks Vol(C)=0 I'c piecewise smooth
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Material volumes

_______ A Bulk volume
A Crack volume
A Tip volume

According to Gurtin we say that a field n defined away from the
crack is smooth away from the tip if, away from z, n and its

derivatives have limits up to the crack from either side.

v
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Reynolds theorem

— THEOREM 4 (Reynolds) Let ¢ a smooth motion of Q) depending on a parame-
tert. Let By C €2 be a open set with Lipschitzian boundary and B(t) = ¢(By,1),
the matertal control volume which deforms with the body motion, moving with
velocity v(o(x,t),1) = ‘%(zc t). For all reqular tensor field ® we have

d / (3@ )
— ddr = +V- - (P®vVv)|dr 20
0t Jne sy 01 ( ) (20)
()
_ / 8—da;+/ (v-n)dda (21)
By Ot OB(t)
_ f (ddi + OV - v)da (22)
B(t)

where n represents the outward unit normal to OB and ® is the Lagrangian
derivative od P

: od
b= — D -
5 + Vo -v.
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surface gradient and divergence
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Surface divergence theorem

— THEOREM 5 (Surface Divergence) Let A be a subsurface of S with n s the unit
normal tangential vector, outward to OA. Then given any tangential vector-field

u., we have

/ u-nAdS:/Vs-uda,.
OA A
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