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number theory, combinatorics, and quantum field theory, to report on re-
cent developments in the study of motives and periods with an emphasis
to the connections to physics.

PM2012 includes a special young researchers session, coordinated by
Susama Agarwala (Caltech) and Marina Logares (ICMAT).

weblink: www.icmat.es/congresos/periods-and-motives/

e-mail: PM2012@icmat.es

www.icmat.es

Address: C/ Nicolás Cabrera 13-15, Campus Cantoblanco UAM, 28049 Madrid.
Telephone: (+34) 91 2999700 – http://www.icmat.es/facilities/howtoarrive

aICMAT, bClay Mathematics Institute, cCNRS, dJohannes-Gutenberg-Universität Mainz



2 PM2012
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1.4 YRS Speakers

1) Stephanie Belcher MPIM Bonn, Germany
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2) Olivier Bouillot Paris-Sud, Orsay, France

olivier.bouillot@math.u-psud.fr

3) Sarah Carr LMU, Munich, Germany
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2 Schedule

Opening on Monday, 09:00am. Talk = talk (50 + 10 min.)
Closing on Friday, 01:00pm. YRS = Young researcher session

Schedule Mon. Tue. Wed. Thu. Fri.
PM2012 02/07/ 03/07/ 04/07/ 05/07/ 06/07/

09:30am Talk 1 Talk 6 Talk 11 Talk 12 Talk 17
10:20am Schnetz Gangl Cartier Bloch Doryn

10:30am coffee coffee coffee coffee coffee

11:00am Talk 2 Talk 7 YRS Talk 13 Talk 18
11:50am Bogner Dühr Furusho Ayoub

12:00pm Talk 3 Talk 8 YRS Talk 14 Talk 19
12:50pm Agarwala Spradlin Belkale Tabuada

01:00pm Lunch Lunch Lunch Lunch Lunch

03:30pm Talk 4 Talk 9 YRS Talk 15 end
04:20pm Souderes Goncharov Brosnan

04:30pm coffee coffee coffee coffee

05:00pm Talk 5 Talk 10 YRS Talk 16
05:50pm Schneps Yeats Paycha

2.1 YRS-Schedule

Stephanie Belcher 11:00am - 11:25am
Sarah Carr 11:30am - 11:55am
Javier Fresán 12:15pm - 12:40pm
Katarzyna Rejzner 12:45pm - 01:10pm
John Rhodes 03:30pm - 03:55pm
Olivier Bouillot 04:00pm - 04:25pm
Masha Vlashenko 05:00pm - 05:25pm
Raphael Zayadeh 05:30pm - 05:55pm
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3 Titles and Abstracts

Susama Agarwala

Dihedral Symmetries of Multiple logarithms

There are several differential structures that can be used to define a bar con-
struction associated to iterated integrals defining multiple logarithms. These
differentials give rise to different Hopf algebra structures on iterated integrals.
By choosing differentials to exploit symmetries of the iterated integrals, one
can find relations between the integrals that differ by the action of the dihedral
group on its arguments.

Joseph Ayoub

A relative version of the Kontsevich-Zagier conjecture

We formulate and prove a relative version of the Kontsevich–Zagier conjecture
on periods. Roughly speaking, this version is obtained by replacing the field
of rational numbers by the field of rational functions with one variable and
complex coefficients.

Prakash Belkale

Hypergeometric local systems and conformal blocks

Associated to a semi-simple Lie algebra and additional data, conformal field
theory produces natural local systems (KZ/Hitchin) on the moduli spaces of
curves with marked points. In this talk I will survey recent results (following
work of Ramadas for SL(2)), which give in genus zero, a characterization of
these local systems (at least for classical groups) as eigenspaces in the (M, 0)
part under a finite group action on a geometric variation of (pure) Hodge
structures of weight M . The geometric local system is of hypergeometric type
(Schechtman-Varchenko).

Spencer Bloch

Configuration spaces associated to graphs

To a variety X and a graph G one associates a motive. If G has n external
edges labeled by points of X, periods of the motive become multiple-valued
functions on Xn. In this way one can generalize familiar results on configura-
tion spaces and on the motivic fundamental group. To compute the periods of
these motives, iterated integrals are generalized to ”tree-terated integrals” first
studied by Kreimer in relation to renormalization. The classical path compo-
sition formula for iterated integrals generalizes to the group law for the Hopf
algebra of rooted trees.

Patrick Brosnan

Kashiwara conjugation for twisted rings of differential operators

Kashiwara conjugation is an anti-equivalence of categories between regular
holonomic D-modules on a complex manifold X and regular holonomic D-
modules on the complex conjugate of X. Barlet and Kashiwara showed how
to generalize this to the case of twisted D-modules in the case that X is a
generalized flag variety. I’ll explain how to generalize Kashiwara conjugation in
a much more general case (including all compact Kahler manifolds). However,
my main motivation was, in fact, to understand conjectures of Schmid and
Vilonen, involving D-modules on generalized flag varieties. I’ll also explain these
conjectures, which, for the simplest case involve regularizing divergent integrals.
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Christian Bogner

Universal polylogarithms in Feynman integral computations

In this talk I report on a computer program for the evaluation of definite
integrals over multiple polylogarithms. The program is based on the implemen-
tation of a universal class of iterated integrals in several variables on moduli
spaces as studied in work of Francis Brown. I discuss possible applications of
the automated integration over these functions in approaches for the computa-
tion of Feynman integrals, focussing on the iterated integration over Feynman
parameters.

Pierre Cartier

Various uses of the Bar-construction

The so-called “bar-construction” is a tool invented by Eilenberg and MacLane
around 1953 in order to calculate the cohomology of the so-called Eilenberg–
MacLane spaces. Such a tool was widely used in homological algebra, especially
for the homology of groups and Hochschild homology of algebras. Serre and
Borel used successfully this construction to study loop spaces and classifying
spaces. In the seventies, Chen invented the iterated integrals, and soon formu-
lated a version using a variant of the bar-construction. Iterated integrals are a
very important tool in the study of polylogarithms and multizeta values. More
recently , S. Bloch , Kriz, M. Levine, H. Esnault, I. Soudres, F. Brown used
methods of bar-construction to give an explicit construction of the motivic Ga-
lois group and its action on the fundamental group of the sphere minus three
points (thus providing an alternative approach to the constructions of Deligne
and Goncharov) .

Dzmitry Doryn

Framings of graph hypersurfaces

The denominator reduction algorithm for hypersurfaces of Feynman graphs in
φ4 theory can be repeated on the cohomological level. Moreover, the class of a
differential form which gives us the period generates the maximal weight graded
piece of the MHS associated to H2n−1(P2n−1\XG) for the graph hypersurface
XG of any denominator reducible graph G. We can also show that the MHS
of the graph G8 which gives a counterexample to Kontsevich’s conjecture on
counting points on graph hypersurfaces over finite fields (G8 is related to a
K3 surface, see result of F. Brown and O. Schnenz) is not of mixed Tate type.

Claude Dühr

Simple results for complicated Feynman integrals

Multi-scale Feynman integrals were long thought to lead inevitably to long and
complicated expressions that are hard to manipulate or to evaluate numeri-
cally. I review several results which indicate that, using recent mathematical
developments in number theory and related areas, various classes of Feynman
integrals turn out to be simpler than anticipated, giving hope that there is a
deeper mathematical structure underlying Feynman integrals than physicists
had believed so far.
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Hidekazu Furusho

Galois action on knots

I will explain a motivic structure on knots by GT-action. Then I will also explain
that the absolute Galois group of the rational number field acts on ’a space of
knots’ in a non-trivial way.

Herbert Gangl

Functional equations for weight 4 multiple polylogarithms

We indicate a way to obtain Goncharov’s symbols for multiple polylogarithms
from polygonal combinatorics, exploit an implementation of it (by C. Dühr) to
relate weight 4 multiple polylogarithms of different depth to each other, and
answer a question of Goncharov.

Alexander Goncharov

Hidden Hodge symmetries and Hodge correlators

The twistor Galois group is the Tannakian Galois group of the category of
Simpson’s mixed twistor structures. It is a semidirect product of C∗ and the
unipotent radical of the Hodge Galois group. We define a natural action of the
twistor Galois group by A-infinity autoequivalences of the derived category of
complexes of sheaves with smooth cohomology on a compact smooth Kahler
manifold X. The action of C∗ is provided by Simpson’s action on irreducible
local systems, and the action of the unipotent radical is given explicitly by the
Hodge correlators for irreducible local systems on X. The Hodge correlators
can be interpreted as correlators of certain Feynman integrals.

Sylvie Paycha

Renormalisation at work in mathematics

One can wonder what computing Feynman diagrams has in common with
counting integer points on cones. Both issues involve making sense of diver-
gent expressions, whether integrals in the case of Feynman diagrams or discrete
sums in the case of cones. A similar difficulty arises on either side, due to the
presence of constraints on the integration or summation variables, whether
affine on the one side or conical on the other. We shall explain how the diver-
gences arising in the discrete sums on cones, which are of linear type due to
the conical constraints, can be dealt with by means of Birkhoff–Hopf renormal-
isation methods à la Connes and Kreimer. If time allows, we shall also discuss
various renormalisation procedures used to evaluate multiple zeta functions at
non positive integers, leading to different tables of values.

Leila Schneps

Moulds and Multizetas: Ecalle’s approach to the combinatorics
of multiple zeta values

The structure of the Q-algebra of real multiple zeta values, which occur natu-
rally as periods of moduli spaces of curves, is difficult to study because their
transcendence properties are not known. For this reason, one defines “formal”
or “motivic” multiple zeta values, which satisfy only certain known properties
of the real ones; one can then attempt to completely determine the structure
of the corresponding algebras. This has been done by F. Brown in the motivic
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case: concerning the formal case, there are many results but also many open
questions, concerning both its structure and its relation to other known alge-
bras. J. Ecalle has developed methods which, by placing the formal multizeta
algebra inside a much larger space (of “moulds”), yield some new and powerful
results. We will introduce his methods, and give some of his main statements
and some new results, particularly concerning the relation between multiple
zeta values, cusp forms on SL2(Z) and the famous Broadhurst–Kreimer con-
jecture.

Oliver Schnetz

φ4 periods

We will give an overview over recent developments in the theory of φ4 periods.
In particular, we will address the c2 invariant, modular forms, the coaction on
φ4 periods, single valued polylogs, and the zigzag conjecture.

Ismaël Soudères

Cycles complex over P 1 minus 3 points and multiple polyloga-
rithms

The goal of this work is to describe by means of Bloch and Kritz’s approach,
the coLie algebra of mixed Tate motives over P 1 minus three points in terms
of explicit algebraic cycles. The main problem, to do so, is to construct explicit
algebraic cycles corresponding to multiple polylogarithms with a specialization
at the point 1 corresponding to multiple zeta values.
We will present our approach and the difficulties through explicit examples up
to weight 5. We will also described the connection between this construction
and previous attempt by Gangl, Goncharov and Levin and we will enlighten
relations with the combinatoric of Goncharov motivic coproduct.

Marcus Spradlin

Motivic Amplitudes of Supersymmetric Yang-Mills Theory

The past several years have seen dramatic progress in our understanding of the
scattering amplitudes of supersymmetric gauge theory. Theoretical advances
including the discovery of rich mathematical structure and hidden symmetries
have led also to practical advances which in many cases render previously
impossible field theory calculations trivial. I will review these and recent related
developments on correlation functions and Wilson loops, with particular focus
on the motivic properties of two-loop MHV and NMHV amplitudes.

Goncalo Tabuada

Noncommutative pure motives

I will present some recent work with Matilde Marcolli on noncommutative pure
motives.

Karen Yeats

Dyson-Schwinger equations and chord diagrams

I will discuss how to expand solutions to certain Dyson-Schwinger equations
as sums over chord diagrams and what this implies about the overall shape of
Green functions.
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3.1 YRS: Titles and Abstracts

Stephanie Belcher

Sums of multiple zeta values

We show certain sums of MZVs that in a sense generalise the Zagier conjecture
of ζ(1, 3m) = (2π4m)/((4m + 2)!) and in particular the generalised Zagier
conjecture that was conjectured and proven by Broadhurst.

Olivier Bouillot

About links between multizeta values and multitangent functions

My aim is to introduce the notion of multitangent functions and to explain
why these functions have some profound link with multizeta values. Explic-
itly, I will show that there are linear relations between multitangent functions
and multizeta values, i.e. the so-called ’reduction in monotangent functions’
and ’projection in multitangent space’. Finally, we will explain the equivalence
between properties/conjectures concerning multizeta values and conjectures
concerning multitangent functions.

Sarah Carr

The ekma/carma moulds

Broadhurst conjectured a dimension for the graded pieces of the Q vector
space of multizetas. Ecalles interpretation is in terms of the moulds ekma••
and carma••, which encode the space of formal multizetas. In this talk I will
briefly introduce these moulds and explain their role in research on formal
multizetas.
References:
(1) Ecalle; Multizetas,..., and ARI/GARI; Ann. de Toulouse, Series 6.13.4, 2004.

(2) Ihara, Kaneko, Zagier; Derivations and double shuffle relations; Compositio Math 142;

2006.

Javier Fresán

Determinants of periods

Let X be a smooth projective variety defined over the field of algebraic numbers.
The class of the determinant of the period isomorphism between de Rham and
Betti cohomology is then a power of 2πi. Under the assumption that the Chow
motive of X is finite dimensional in the sense of Kimura, this admits a simple
motivic explanation. When X comes with a finite order automorphism, more
interesting numbers arise as determinants of periods. In this talk I will discuss
some examples and conjectures relating them to values of the Gamma function
at rational points.

Katarzyna Rejzner

New notion of a renormalized time ordered product in pertur-
bative algebraic quantum field theory

In this talk I will present the extended notion of the renormalized time-ordered
product which was developed within the framework of perturbative algebraic
quantum field theory. It is defined in such a way that it becomes a binary
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product on a suitable subspace of the quantized algebra. On this domain it
is equivalent to the pointwise product of classical field theory. Originally, in
causal perturbation theory, the time-ordered product is understood merely as
a sequence of multilinear maps on the space of local functionals. Our extended
notion of the renormalized time-ordered product is consistent with the old one
and can be seen as its natural extension.

John Rhodes

On the kernel of the symbol map for multiple polylogarithms

The symbol map (of Goncharov) takes multiple polylogarithms to a tensor
product space where calculations are easier, but where important di fferential
and combinatorial properties of the multiple polylogarithm are retained. Finding
linear combinations of multiple polylogarithms in the kernel of the symbol map
is an effective way to attempt finding functional equations. Several equivalent
constructions of the symbol map exist; we briefly overview two of these (’binary
trees’ of Goncharov and the ’polygons’ of Gangl, Goncharov and Levin), give
an idea to the relationships between them and give some linear combinations of
harmonic polylogarithms (a specific specialisation of multiple polylogarithms)
in the kernel.

Masha Vlasenko

Geometricity Problem for Differential Equations

We consider the problem of determining whether a given ordinary differential
equation is geometric, i.e. of Picard-Fuchs type, and solve it in the simplest
setting. Namely, we study D3 equation. This is a Fuchsian differential equation
of 3rd order with polynomial coefficients which depends on 6 parameters. Such
equations arise in mirror symmetry for Fano threefolds with one-dimensional
Picard lattice. We determine those values of parameters for which D3 equations
are geometric. This is joint work with Vasily Golyshev.

Raphael Zayadeh

Differential equations of Feynman integrals

We derive a second order differential equation for the two-loop sunrise graph in
two dimensions with arbitrary masses. The differential equation is an inhomo-
geneous Picard-Fuchs equation of a family of elliptic curves. The fact that the
domain of integration has a boundary leads to an inhomogeneous equation. To
obtain a result in four dimensions, dimensional recurrence relations are used.
In the process new integrals appear. Their differential equations are computed
in the same way - again a family of elliptic curves is involved. We discuss what
can be expected for Feynman integrals from other graphs.
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12. Javier FRESÁN, LAGA, Univ. Paris 13, France
fresan@math.univ-paris13.fr

13. Imma GÁLVEZ-CARRILLO, Univ. Politècnica de Catalunya, Spain
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